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A b stra c t
A sample of galaxies drawn from the Mathewson, Ford and Buchhorn (1992) 
survey is analysed to determine global trends in dark matter halo parameters with 
galactic parameters. Of the original 1355 galaxies, 582 galaxies are analysed in 
greater detail. Each galaxy has full 2D I  band CCD photometry as well as a major 
axis rotation curve derived from Ha emission. A further 12 galaxies also have 21cm 
measurements yielding rotation curves beyond the edge of the optical disk. This 
sample is an order of magnitude larger than what is currently in the literature.
For each galaxy, the global parameters Total Luminosity, Central Surface Bright­
ness, Scalelength, Diameter and Morphological Type are derived. The surface bright­
ness distribution is used to calculate the expected rotation curve, assuming a con­
stant M / L  with radius. These models are fitted to the data using a variety of 
approaches, each yielding a value for the luminous M / L  ratio. There is general 
agreement between the various approaches. The Strict Maximum Disk hypothesis 
appears to be valid, indeed it often provides the only acceptable fit, at least for the 
brightest/largest galaxies; for fainter galaxies the evidence is weak.
Using the disk M/ L  value, a pseudo-isothermal halo is fitted to the residuals, 
yielding halo parameters: central density, core radius and total mass (to some finite 
radius). The correlations between the halo parameters and the galactic parameters 
are measured. The CSB appears to be generally independent of the halo parameters, 
while the scalelength of the disk is strongly correlated with the core radius of the 
halo with a slope of 1.
The halo parameters vary strongly with global parameters such as luminosity 
and diameter. The central density increases as one moves towards fainter, smaller 
galaxies, while the core radius becomes shortex in these systems. The total halo 
mass increases linearly with luminosity, but the dominance of the halo over the disk 
varies in the opposite sense. Smaller, fainter galaxies are much more halo dominated 
than the brighter galaxies. In this sample the halo/disk mass ratio typically varied 
from around 0.5 to 5
The trends found are extrapolated to galaxies outside the sample, and compared 
with published data for dwarf galaxies in particular. There is general agreement 
between the expected and the derived halo parameters, although I find that the 
trends predict higher densities and shorter core radii than are actually observed. 
This may be due to errors in the determination of the intercept of these trends, or 
real errors in the analysis of the dwarf galaxy systems.
The global M / L  ratio, i.e. total mass divided by total light, is derived for all of 
the galaxies in the sample, and has a surprisingly narrow distribution. The evidence 
from analysis of clusters suggests that the global mass-to-light ratio is in fact a 
constant. This constancy, together with the luminosity-diameter correlation yields
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the well known Tully-Fisher relation. It may actually provide a more reliable dis­
tance indicator, since it appears to behave more consistently than the TF, with more 
uniform slopes and smaller dispersions. In terms of distance errors it unfortunately 
does not provide an improvement.
The constancy further explains a strong correlation between the halo/disk mass 
ratio and the luminous M/ L  ratio. It appears that the star formation in the disk 
is strongly dependent on the halo mass, or the star formation procedure actually 
determines the halo mass. This is somewhat easier to understand if the halo is 
baryonic, but non-baryonic is still certainly possible.
A similar analysis is carried out for stellar systems outside the sample here, 
using published data. For elliptical galaxies there appears to be a strong relation, 
but the power law has an unexpected slope. This turns out to be due to the use of 
an inappropriate diameter, a different diameter produces excellent agreement. For 
dwarf galaxies the result agrees in general with the spiral galaxies. For globular 
clusters there is also a very strong relation, possibly very similar to the dwarf galaxy 
systems in slope and intercept. In all cases (elliptical galaxies, spiral galaxies, dwarf 
galaxies and globular clusters) the relations are tight enough to be used as a distance 
indicator.
These results suggest that all types of stellar systems covering a range of over 
8 orders of magnitude have very similar origins; it is unfortunately not possible at 
this stage to determine how the global mass-to-light ratio varies from the smallest 
systems to the largest.
Overall it appears that the global parameters (Total Luminosity, Diameter, 
Linewidth) of the system are the most important, yielding the strongest correla­
tions. The secondary parameters such as CSB and scalelength are perhaps only the 
results of the galaxy’s evolutionary history.
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Remark: . . .  We therefore have the means of estimating the mass of 
dark matter in the Universe. As matters stand at present it appears at 
once that this mass cannot be excessive. J.C. Kapteyn, 1922
Falls sich dies bewahrheiten sollte, wuerde sich also das ueber- 
raschende Resultat ergeben, dass dunkle Materie in sehr viel groesserer 
Dichte vorhanden ist als leuchtende Materie ...A u s diesen Ueberlegun- 
gen geht hervor, dass die grosse Streuung der Geschwindigkeiten im Co- 
masystem . . .  ein noch nicht geklaertes Problem in sich birgt. F. Zwicky, 
1936
[If this should turn out to be true, the surprising result is that dark 
matter is present in greater quantities than luminous matter . . .  From 
these thoughts one finds that the large scatter of velocities in the Coma 
cluster .. .presents an as-yet unsolved problem]
. . .  if [the data] are correct, then there must be in these galaxies addi­
tional matter which is undetected, either optically or at 21 cm. Its mass 
must be at least as large as the mass of the detected galaxy, and its dis­
tribution must be quite different from the exponential distribution which 
holds for the optical galaxy. K.C. Freeman, 1970
1
C h ap ter  1
In trod u ction
1.1 H istory
When Kapteyn wrote the above words in 1922, “the Universe” was a large disk­
shaped system of stars, 40000 lightyears across, with the Sun at its centre. By the 
time Zwicky studied the Coma cluster, a revolution had occurred in our picture of 
the Universe. The “spiral nebulae” of old had become fully-fledged island Universes 
of their own, our Sun was far removed from the centre of our galaxy, and there was 
a correlation between the redshift and distance of a galaxy, which had yet to be 
explained satisfactorily.
However, already at this stage the kinematics and typical parameters of galaxies 
were understood well enough to see that there was a problem. The problem of 
missing mass, or more correctly missing light, is now intricately tied up with many 
aspects of Astronomy. From particle physics to Cosmology, Dark Matter has exerted 
its influence.
In this chapter I will review the various aspects of Dark Matter on different 
scales, discuss its nature and also the possibilities for detecting it directly. I will 
also discuss what is known about Dark Matter on galactic scales, and show how 
little is known conclusively. The fact that the number of arguments against Dark 
Matter, based on non-Newtonian mechanics, is increasing all the time shows that 
this field is still in a strong state of flux. Now, 70 years after Kapteyn, we may be 
coming to another astronomical revolution. We may be able to detect Dark Matter 
directly within the next few years, or possibly even create it ourselves in the next 
generation of particle accelerators. Our understanding of galaxy formation is also 
rapidly changing, with one of the most popular tenets, the premise of Cold Dark 
Matter, suffering from the weight of evidence gathering against it.
2
1.1.1 A rgum ents for D ark M atter  
On Galaxy Cluster Scales
The examination of almost any large area on the sky reveals groups of galaxies 
in apparent clusters. By measuring the redshifts of the galaxies in any particular 
cluster, we are able to determine the velocity dispersion of the cluster members. 
If we assume that the cluster has settled into equilibrium, we find from the Virial 
Theorem
1 _  , x
£ k  =  ~ 2 £ P (1 .1 )
where is the kinetic energy, ep is the potential energy, and the overline indicates 
the average per unit mass. For a uniform density sphere of mass M  and radius R, 
the total potential energy is
n 3 G M 2 
5 R
( 1.2)
If we assume some typical mass for a galaxy and multiply by the number of 
galaxies in the cluster one gets the total mass. If we assume some distance for the 
cluster then the angular extent of the cluster can be converted into an absolute 
radius. We can then calculate from
£F =  n / M  (i.3)
The mean kinetic energy per unit mass can be calculated from the velocity 
dispersion
£k = v>/2 (1.4)
When Zwicky (1933) applied this approach to the Coma cluster, he derived an 
expected velocity dispersion of around 80 km s-1 . The observed value, based on 
7 galaxies, was closer to 1000 km s-1 . This discrepancy required the cluster to be 
around 150 times more massive than was implied from the galaxies alone. It should 
be noted, however, that the Hubble constant used by Zwicky was Ho = 558 kms-1 , 
compared with todays values 50 ^  Ho ^  100. Thus the discrepancy is reduced by a 
factor of about 5, but is still considerable.
A similar discrepancy was found by Smith (1936) when he applied the same 
approach to the Virgo cluster. As time passed, the available data became better, 
yet Schwarzschild’s (1954) result for Coma was essentially the same as Zwicky’s. He 
found that the cluster Mass-to-Light ratio ( M/ L)  was around 800 times the solar 
value, compared to typical stellar populations with 1 £  M /Z ^  10. Rood, Page and 
Kintner (1972) again looked at the Coma cluster with new photographic data, and
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an improved value for the radius, and found that the cluster M / L  was around 250, 
and that the mass discrepancy was still around a factor of 7.
More recent results, based on detailed radio measurements, have not reduced [ 
this discrepancy. Puche and Carignan (1991) studied the Sculptor cluster, and found 
that while the M / L  for the galaxies was around 9, the cluster M / L  was closer to 
90, i.e. a factor of 10 difference. The proximity of the Sculptor cluster helps here, 
in that one is more certain of the cluster radius, as well as being more complete in 
galaxy numbers.
Yet the basic assumptions may be misleading. In an analysis of various cluster 
mass determinations, Perea, del Olmo and Moles (1990) found that all mass estima­
tors over-estimated the cluster mass by factors of 2-5. The virial mass was shown 
to be the best indicator, yet it suffered from the contaminating effects of interlopers, 
and also that some mass-spectrum needs to be assumed for the galaxies.
Another approach for determining cluster-masses comes from the measurement 
of hot X-ray emitting gas in the intracluster medium. Assuming hydrostatic equi­
librium, one can determine not only the cluster potential, and hence its mass, but 
even its spatial variation across the cluster. Cowie, Henriksen and Mushotzky (1987) 
applied this technique to the Coma cluster and found that the total mass was signif­
icantly smaller than the virial mass implied. They found that the cluster M/Zwas 
around. 125/i5o (h5o = 77o/50 km/s/M pc). Similarly, Eyles, Watt, Bertram, Church, 
Ponman, Skinner and Willmore (1991) found that the X-ray implied mass of the 
Perseus cluster was less than half that suggested by the virial mass. They determined 
the cluster M / L  to be around lOO/iso, quite similar to the Cowie et al. result.
Finally, another possible derivation of cluster masses comes from their distorting 
effect on the light from galaxies behind them. Tyson, Valdes and Wenk (1990) 
detected the gravitational lensing of galaxies by foreground clusters. Although they 
did not quote a mass in their paper, it was clearly greater than could be expected 
from the individual galaxies alone.
O n G alactic  Scales
The arguments for dark matter around individual galaxies are quite varied. The 
first approach came from Kapteyn (1922), who measured the density of stars in 
the solar neighbourhood, and compared this with the local velocity dispersion of 
the stars. His comment, quoted in the beginning of this chapter, indicates that, in 
his opinion, the visible mass accounted almost totally for the dynamics of the solar 
neighbourhood.
Yet better results, and a better understanding of our place in the Universe appear 
to lead to quite a different result. Bahcall (1984) measured the distribution and 
dynamics of K giants in the solar neighbourhood and found that around 1/2 of the
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disk mass was unseen. This result is disputed by recent work of Kuijken and Gilmore 
(1989), who found that there was essentially no need for dark matter in the disk of 
our Galaxy. This was further reinforced by later results, Kuijken (1991) and Kuijken 
and Gilmore (1991). However, that result is in turn disputed by the work of Bahcall, 
Flynn and Gould (1991). Their new results, while not overwhelming, appear to be 
inconsistent at the 87% level with the assumption that there is no dark matter in 
the galactic disc.
A further argument came from the simulations of disk galaxies. Ostriker and 
Peebles (1973) studied numerical simulations of highly flattened discs, with very 
small velocity dispersions, i.e. cold discs. These systems were very unstable to bar- 
like modes forming. They found that if they included a massive spherical halo, of 
roughly the same mass as the disk itself the system was much more stable. This, 
and the prevalance of non-barred galaxies, in part led to the suggestion (Ostriker, 
Peebles and Yahil, 1974) that galaxies did have haloes extending to very large radii, 
with total masses around 1012 M®. A similar suggestion came independently from 
Einasto, Kasik and Saar (1974) who tried to explain galaxy cluster results, as well 
as the disk dynamics of individual galaxies. In addition to numerical simulations, 
indirect support came from van der Kruit (1981), who looked at the flaring of the Hi  
disk of NGC 891. A constant scaleheight disk containing all the mass was inadequate 
to explain why the hydrogen should be so flatly distributed. The combination of 
the disk plus a spherical halo provided a much stronger constraining force on the 
Hj  disc.
The argument that has provided the strongest evidence for dark matter haloes 
has been the analysis of position-velocity curves, or rotation curves, of individual 
galaxies. For a typical system, there is a rise in velocity as a function of radius from 
the centre. Far beyond the edge of the mass, the velocity falls off in a Keplerian 
manner, V  ~  Ä-1/2, and there is some turnover in the velocities in the intermediate 
region. Toomre (1963) presented a method for generating rotation curves for thin- 
disk systems, given the surface-mass distribution. This was applied to exponential 
discs, i.e. discs where the surface density falls off like e~R/h, by Freeman (1970). 
He noted that while the velocity of the exponential disk declined less steeply than 
Keplerian, there was a clear turnover in the velocities around 2.15 scalelengths, 
usually well within the optical disk of the galaxy.
At that stage, in a few cases, rotation curves had been “seen” to turn over. 
Burbidge, Burbidge and Prendergast (1960a, 6) measured optical rotation curves, 
based on Ha emission lines, for NGC 157 and NGC 5055 and found the last few points 
on the curve showed a decrease. Yet under further, and deeper, scrutiny, no rotation 
curves (of normal galaxies) have been observed to turn over; they remain relatively 
flat out to the last observed point. For example, Rubin, Ford and Thonnard (1978,
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1980 and refs therein) in a series of papers looked at a sample of galaxies covering 
a large range of types, and always found flat rotation curves.
The lack of a turnover produced an even stronger discrepancy as the relative 
extent of observed rotation curves improved. This was due mostly to the increasing 
numbers of Hi  observations at 21cm. The Hi  disks of galaxies often extend well 
beyond the optical disk and provide an excellent means of measuring the potential 
at very large radii. The flatness was essentially seen as far back as 1957 by van 
de Hulst, Raimond and van Woerden in their observations of M31. Later, Roberts 
(1976), Krumm and Salpeter (1976, 1977, 1979) saw flat rotation curves extending 
to much larger radii. Bosma (1978, 1981) examined a large sample of nearby galaxies 
with high spatial resolution using the Westerbork radio telescope and found no cases 
of a truly declining rotation curve, ignoring the effects of warps and other distortions.
A flat rotation curve has immediate implications. For a spherical system, the 
velocity is given by
V».= (1.5)R
thus a constant velocity implies that the mass increases linearly with radius. Most 
spiral galaxies show an exponential decline in surface brightness with radius. Thus, 
the effective M /L  ratio has to increase drastically with radius. This may be ex­
plained in two ways. First, perhaps there is a change in the stellar population with 
radius, and thus the stellar M /L  changes. This appears to be ruled out (at least to 
the degree required for flat rotation curves) by the observation that the colours of 
galactic discs do not change very much, see e.g. Faber and Gallagher (1979), and 
the theoretical results of Larson and Tinsley (1978).
The other possibility is that there exists an unseen population which contributes 
to the total mass, without adding to the light. If this population has a spherical 
distribution, its density would vary like R ~2.
It should be noted that it is possible to generate rotation curves which are flat 
over an extended region with discs that are approximately exponential, as pointed 
out by e.g. Kalnajs (1983). However, even these models turn over at some radius, 
and Hi  rotation curves are flat to much larger radii.
When one looks at the very smallest or dwarf galaxies, one finds that a simple 
rotation curve is no longer appropriate. At this level, random motions can dominate 
the circular velocities, and provide an extra supporting pressure. Yet these systems 
appear to show the largest effects of dark matter haloes. An example of this was 
found by Carignan, Beaulieu and Freeman (1990) in their study of the extreme dwarf 
GR 8. In this system, random motions provide essentially all of the support, and 
the galaxy appears to be totally dominated by a halo 10 times the luminous mass.
Another way to determine the rotation curve at larger radii than the Hi  can 
reach is to examine the behaviour of the satellite population. In the case of our
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Galaxy for example, Frenk and White (1980) looked at the globular cluster system, 
and found that the best model had a rotation curve which was fiat or slowly rising 
out to the limit of their sample, around 33 kpc, about 7 disc scalelengths.
A more indirect argument for dark matter on galactic scales came from a statisti­
cal analysis of binary galaxies. Jones and Stein (1989) pointed out that the apparent 
abundance of interacting and merging galaxies is hard to understand based on ran­
dom encounters of field galaxies. They suggested that if galaxies have large dark 
matter haloes, dynamical friction will drag these galaxies together. Effectively, the 
halo increases a galaxy’s cross-section.
As we can see, the evidence for dark matter on these scales is mostly circum­
stantial, yet its combined weight forms a strong argument. It is also useful to note 
that if galaxies do have haloes with 10 times the mass of the embedded galaxy, 
the above discrepancy on cluster scales is also, for the most part, solved.
O n C osm olog ica l T im e  and D ista n ce  Scales
The arguments for the existence of dark matter on scales larger than galaxy clusters 
are divided into main areas. One is the possible need to close the Universe, the other 
is the clear need to make galaxies in the period since the Big Bang.
Firstly, on closing the Universe: the following argument is described in e.g. the 
excellent review paper of Peebles (1986). The rate of expansion of the Universe, 
measured by the Hubble constant, H , can be derived from general relativity yielding
H 2 = |* G p ±
(a{ i )R f  3
( 1.6)
Here p is the mean mass density of the Universe, R  is a cosmic scale factor, a(t) is 
a dimensionless expansion parameter and A is Einstein’s cosmological constant.
The first term in Equation 1.6 is often written as Q .H 2 where H = p /P c r i t  and 
pcrit = 1.88 X 10-29/i2oo g cm-3 . The current estimate of due just to galaxies and 
their haloes is around H =  0.05 (e.g. Tyson et al., 1984) with around a factor of two 
uncertainty. We rewrite Equation 1.6 as
H 2 = ÜH2 ±
(a(t)R)2
(1.7)
If Ct = 1, then clearly the other two terms must be zero, i.e. A = 0 and a(t)R 
(= radius of curvature of space) must be infinite, i.e. the Universe is flat, and hence 
the expansion will asymptote to some constant value. If H < 1 (and we assume 
for now that A = 0) then Equation 1.7 implies that the Universe will continue to 
expand. If ft > 1 then the expansion must eventually halt and turn around into a 
contraction phase.
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What can the theoretical value of ft be? One argument goes as follows. If we look 
at Equation 1.6, we see that two of the terms are varying with time, the third is not. 
The mean density of the Universe must vary approximately like a(t)-3 ( i.e. volume 
increases, constant mass). The curvature term varies like a(t)~2, and the third term 
is constant.
Let us assume that ft < 1, say ft = 0.5. Then the mass density term and at least 
one other term contribute equally to the current value of H . This, and the fact that 
the terms all vary quite differently with a(t), would imply that the initial conditions 
in the Big Bang set the values for these terms to grossly different values then (a(i) 
was much smaller at the BB), just so they turn out to be equal at the present time. 
This is a somewhat improbable coincidence. The same argument holds if ft > 1. 
Only if ft is very close to 1 does this problem go away.
The other argument for cosmological dark matter comes from the analysis of 
the formation of galaxies. It is possible that galaxies formed first, and then these 
clustered into groups and then superclusters. This is the “bottom-up” scenario. The 
other approach is that supercluster sized objects formed first, which then collapsed 
into successively smaller structures, finally forming galaxies. This is the “top-down” 
scenario.
Both of these scenarios suffer from at least one major problem. If there is no 
cosmological dark matter and only gravity is used, then there is insufficient time in 
the bottom-up model since the Big Bang to form the large structures we see now. 
If the top-down model is correct, then the large earliest structures would have a 
distorting effect on the Cosmic Microwave Background (CMB) radiation, which is 
not seen to the current lowest determinations of A T/T  on even the smallest angular 
scales (Bond and Efstathiou, 1984, Vittorio and Silk, 1984, Vittorio, Meinhold, 
Muciaccia, Lubin and Silk, 1991). This would appear to rule out the “top-down” 
scenario entirely.
The only apparent way to overcome the time problem is to postulate the existence 
of large quantities of dark matter, which provided early potential wells in which 
galaxies could form.
The observational values for ft cover a wide range. Peebles (1990) modelled 
the Local Group of galaxies and determined the best fit was f t  < 0.5 with H q ~  
75 — 100 km s-1 Mpc-1 . Vittorio et al. (1984) using CMB anisotropy measurements 
found good fits for ft > 0.2 — 0.4, depending on the model used. Carlberg (1991) 
examined the statistics of galaxy mergers as a function of redshift and found that, 
ideally, ft = 1.0±0.5, with |A| < 1.5Hq, yet his data was only marginally inconsistent 
with ft = 0.1 and any nonzero value of A. Another interesting result comes from a 
study of the peculiar velocity field in the Hercules region (Freaudling, Martel and 
Haynes, 1991). The best fit model gave ft =  0 .4 1 q!2> although a stricter result only
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gives ft < 0.7 as firm.
So it appear that evidence for ft ~  0.5 is quite strong, and even though ft = 1 
is not ruled out, it appears to be becoming less probable. How this is reconciled 
with the coincidence argument from Equation 1.7 remains to be seen.
A totally different result has come from the analysis of Ly-a forest lines in 
QSO spectra. Hoell and Priester (1991) examined the spatial distribution of the 
absorbing clouds. If we assume that the void structure between these clouds is 
compatible with the void sizes seen in the local Universe, we can then calculate 
the various cosmological parameters. Hoell and Priester’s best fit model had Ho = 
90km s_1 Mpc-1 , ft = 0.01 — 0.04 and A ~  3 X 10-56 cm-2 . This implies that the 
“age” of the Universe is about 30 X 109 years. A value of Ho = 50 appears to be ruled 
out. This is quite a remarkable result in that there is no need for any cosmological 
dark matter, it alleviates the problem (Finzi, 1991) of how to explain globular cluster 
ages if Ho — 90, and it allows enough time for the bottom-up scenario to form the 
structures we now see. The main difficulty appears to be how A can take on such a 
small exact value. At any rate, this work has yet to be confirmed, but it could be a 
major turnaround for cosmological dark matter studies.
O n Local Scales
Once the existence of dark matter appeared to be established on all scales from 
cosmological to galactic, it did not take long for researchers to realise that dark 
matter could contribute on smaller scales, such as Solar System and even stellar 
scales.
One of the current major stellar problems involves the detection of neutrinoes 
from the Sun. Current measurements appear to detect only around one third the 
number expected from stellar nucleosynthesis models. Then Spergel and Press 
(1985) suggested that there were massive particles, which only weakly interacted 
with nucleons in the solar interior, and that these particles could provide a cooling 
mechanism. Thus the nuclear reaction rates would be reduced, and so the number 
of neutrinoes produced would be reduced. In a later paper (Press and Spergel, 1985) 
they suggested that if these Weakly Interacting Massive Particles, or WIMPS, were 
actually the dark matter needed in the galactic halo, the local density would be high 
enough that the Sun would accrete these particles at just the right rate to solve the 
neutrino problem.
A similar result was later found by Finzi and Harpaz (1989), when they calculated 
the effects of WIMPS on stellar evolution. These WIMPS had masses about 2.4 times 
that of the proton. Other researchers looked at the effects of WIMPS on Horizontal 
Branch stars (Dearborn, Raffelt, Salati, Silk and Bouquet, 1990), their effect on 
solar core pulsations (Salati, 1990), and their effect on globular cluster stars (Finzi,
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1991)
The latter is an interesting effect . Finzi noted that recent experiments are 
pointing increasingly towards a H^oble constant of around Ho = 90 km s-1Mpc-1 . 
For example, two totally different approaches, one using the luminosity function 
of planetary nebulae, the other using the Poisson fluctuations of the star counts 
in CCD images of galaxies (summarised by Peacock, Nature, 1991, 352 , 378) both 
found the Hubble constant to be ~  82.
This implies that, if the Universe is flat, the age of the Universe is ^  10 Gyr. 
However, the apparent ages of galactic globular clusters is ^  15 Gyr. Finzi’s sug­
gestion to reconcile this problem is that globular cluster stars accrete dark matter 
from the galactic halo, which then accelerate their evolution, leading to apparent 
ages greater than their true ages. This should be observable, in that clusters fur­
ther away from the galaxy would accrete less dark matter and thus would appear to 
have ages closer to their true, lower, age. It has been argued indirectly that this is 
the case (Searle and Zinn, 1978, Zinn, 1980). They suggested a change in globular 
cluster ages as a function of galactocentric radius to explain the observed change in 
horizontal branch morphology at constant metallicity.
If we believe that dark matter surrounds our Galaxy, and is possibly present 
in the disc as well, we can determine what the density in our Solar System would 
be. Anderson, Lau, Taylor, Dicus, Teplitz and Teplitz (1989) analysed data from 
the Voyager 2 flyby of Uranus and compared their results with the best model of 
the Solar System at the current time. They found a small, possibly significant 
discrepancy, which, if due to uniformly distributed dark matter, would imply a very 
high local density. Their result becomes more believable if the galactic dark matter 
were in a narrow disc, rather than a sphere. This appears to be ruled out by the 
results of Bahcall et a/.(1991) and Kuijken (1991). As Hogg, Quinlan and Tremaine 
(1991) noted, there is still a lot of uncertainty in the Solar System model, and there 
is a possibility that there exists an as-yet-undiscovered planet. This would have a 
stronger effect than the local dark matter would.
1.1 .2  A rgum ents against D ark M atter  
Is the gravity wrong?
All of the above arguments make one very fundamental assumption. That is that 
Newton’s Law of Gravitation is the same on all scales, i.e.
G mxm2
If this is not the case much of the above work comes to naught.
Is this a reasonable thing to believe? We need to remember that the largest sys­
tem which we believe we fully understand with Newtonian mechanics is smaller than
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the Solar System. Even there, the motion of Mercury requires general relativistic 
corrections to explain its orbit. The extrapolation from Astronomical Unit scales to 
kiloparsec scales is over 8 orders of magnitude, and 14 orders of magnitude by the 
time we reach galaxy cluster scales. It is not totally unimaginable that this great 
extrapolation could show non-Newtonian behaviour at the lowest level.
One of the earliest arguments along these lines came from Finzi (1963) who 
looked at the stability of galaxy clusters, and suggested that perhaps the behaviour 
of the force law deviated from r -2 , becoming r~n with n less than 2. As he had 
insufficient data at that stage, he was unable to determine what value n should 
take. Yabushita (1964) noted that experimental data ruled out values of n < 1.5, 
but could not rule out values closer to 2.
This argument was recently resurrected by McFarland (1990) where he looked 
at galaxy clusters and tried to determine n without the need for dark matter. He 
found that the data implied a value of n «  1.75 with large errors. He noted that 
more high-quality data was needed to reduce the errors, and that one could not rule 
out n /  2 at this stage.
Since Finzi’s work, non-Newtonian theories have become an industry. One of the 
major workers in this field has been the Modified Newtonian Mechanics (MOND) 
of Milgrom (1983a, b, c) and Bekenstein and Milgrom (1984). They suggested that 
the Newtonian Law deviated at very small accelerations, such as those found in the 
outer parts of galactic discs. Briefly, MOND has a single free parameter, a0, which is 
essentially the threshold acceleration at which MOND becomes dominant. Milgrom 
suggests that the value should be ao ~  1.0 X 10-8 .
Since then many counter-arguments have been put forward. Felten (1984) noted 
that a cosmology involving MOND would always produce a closed Universe, with 
collapse times around 109 years if H = 0.01 and 1013 years if D = 0.001. It is not 
clear that later work by Bekenstein and Milgrom (1984) actually overcomes this 
objection.
Other arguments have come from Hernquist and Quinn (1987) who looked at 
shells in the elliptical galaxy NGC 3923 and found that the number and radial 
extent of the shells disagreed with MOND’s prediction. Then Kent (1987) looked at 
Hi  rotation curves and noted that there appeared to be a large scatter in ao and that 
MOND was designedto fit flat rotation curves. Rising curves could not be generated 
by MOND. Milgrom (1988) pointed out that Kent neglected the contribution of Hi  
to the rotation curve which is not negligible at those radii. He was able to produce 
quite acceptable fits using a constant ao in this way.
On another front, The and White (1988) looked at the Coma cluster and, based 
on equilibrium arguments and the X-ray gas distribution, they noted that ao > 
2 — 3 X 10-8 , which only marginally fits Milgrom’s picture. At the other extreme
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comes the work of Lake and Skillman (1989). They looked at the dwarf galaxy IC 
1613 using Hj measurements and found that ao ^  3 X 10~9, well below Milgrom’s 
favoured value. But in both cases the errors are large, so MOND cannot yet be 
ruled out by these results.
Begeman, Broiels and Sanders (1991) looked at a selected sample of 10 galaxies 
and compared the fits generated by a luminous disk plus dark halo with those gen­
erated by MOND. They found that the one-parameter fit of MOND was usually as 
good as the three-parameter dark matter fit, and in some cases the MOND fit was 
numerically better. They used a constant value for a0 = 1.21 x 10-8 for their work.
Following MOND, there have been a variety of other suggestions. Sanders (1984) 
suggested the addition of another term to the disk potential which had the effect 
of increasing circular velocities at large radii, thus flattening rotation curves. This 
became, in more detail (Sanders, 1986a), Finite Length Scale Antigravity (FLAG). 
However, Sanders essentially ruled out his own work in Sanders (1986b), where he 
first discussed the problems with FLAG, and then revised MOND to address some of 
the earlier criticisms of it. This led to Revised MOND (REM), which predicted that 
rotation curves would fall, but at much larger radii, unlike MOND which generates 
totally flat curves.
Mannheim and Kazanas (1989) resurrected an alternative model for general rel­
ativity, based on Conformal Weyl Gravity (CWG). In this system the gravitational 
potential acquires extra terms which have the effect of raising the potential in the 
outer parts of the galactic disk. Unlike MOND and similar theories however, CWG 
(a) was not designed to a priori produce flat rotation curves and (b) it can also 
produce rising rotation curves. The latter point, a problem with other theories, was 
also raised by Dubai, Salucci, and Persic (1990). Wood and Nemiroff (1991) noted 
that the value of the free parameter in CWG suggested by Mannheim and Kazanas, 
appeared to be ruled out by laboratory experiments. However this can be overcome 
if the free parameter is not a constant but a function of, say, the mass.
Fahr (1990) suggested a Maxwellian type of gravitational interaction. Roberts 
(1991) examined the type of Lagrangians required to produce logarithmic potentials 
(required for flat rotation curves). He noted that quadratic action-terms could not 
produce these and would thus require some non-linearity which itself appears to 
be invalid. Crawford (1991) examined the behaviour of photons travelling through 
a uniform medium and noted that this could induce a non-Doppler redshift. This 
could explain cluster velocity dispersions as well as flat rotation curves, however it 
would require a very contrived distribution of material around a galaxy.
Tohline (1983) suggested adding a r -1 term to the Newtonian force law, and 
noted that cold disks would then be stable against bar-like modes forming. Similar 
suggestions came from Kuhn and Kruglyak (1987) and Wright, Disney and Thomp-
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son (1990).
The Wright et al. work also looked at numerical simulations of galaxy interactions 
and behaviour under these force laws and found that they “looked quite realistic” . 
Christodolou (1991) repeated this in more detail, and found that neither MOND, 
nor additive potential terms such as FLAG, could be ruled out on the basis these 
results.
Christodolou, Tohline and Steiman-Cameron (1988) discussed the general stabil­
ity of disk systems under non-Newtonian forces and made a very interesting point. 
If one postulates that non-Newtonian forces explain flat rotation curves, then the 
light must trace the mass of the system by definition. Galactic disks are for the most 
part quite symmetric and uniform, so their potential wells must also be symmetric. 
In this case, it becomes very difficult to create and sustain warps, as observed in H i , 
for any length of time. To this date, no-one has followed up on this work, which 
appears to be a significant problem for any non-Newtonian correction.
A slightly simpler approach was suggested by Pfenniger (1989). He suggested 
that galactic disks were not collisionless systems but rather included a lot of gas and 
dust which interacted with the stellar component. This led to continual dissipation 
occurring and, for a variety of systems examined, including cold disks, the systems 
tended towards flat rotation curves. It is not clear however that the amount of gas 
and dust produced by stellar evolution and supernovae is sufficient to provide the 
amount of dissipation required by this model.
There appear to be some strong criticisms of the non-Newtonian theories, but 
until more detailed data comes along, they cannot be ruled out.
Is th e  light w rong ?
If the gravity is Newtonian then the only way to avoid the existence of dark matter 
is to assume that the observed light distribution is incorrect, neglecting the effects 
of varying M /T ratios. One of the ways this can be achieved is if galactic disks 
contain large amounts of obscuring dust. This could contrive not only to change the 
effective total brightness of the disk but also its apparent distribution. Kent (1986) 
noted that the M / L  values he derived for a sample of galaxies showed a trend with 
inclination. This implies that the inclination correction he applied was insufficient.
Disney, Davies and Phillipps (1989) looked at this in some detail. They noted 
that there was a population of infra-red bright galaxies that were optically faint, 
which could be easily explained by large quantities of dust. Davies (1990) examined 
how the effects of dust could lead one to underestimate the expected rotational 
velocities. He also noted that galaxies which had apparently high M / L  ratios were 
often infra-red bright.
However, Disney’s and Davies’ work only suggested dusty galaxies, not optically
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thick. Valentijn (1990), on the basis of 15000 galaxies, argued that galaxies were 
optically thick to the edge of the optical disk and beyond. In this paper and in 
Gonzalez-Serrano and Valentijn (1991) it is suggested that optically thick galaxies 
would totally eliminate the need for dark matter.
Choloniewski (1991) looked at various estimators to determine the inclination 
dependence of surface-brightness and diameters, and also found evidence for the 
“very-dusty” scenario. Yet Yong (1992) analysed a sample of galaxies using far 
infra-red imaging and found very little evidence for large quantities of dust, let alone 
dust at the level suggested by Valentijn. Furthermore, edge-on galaxies have been 
observed with very sharp changes in the rotation curve across the centre (e.g. Mar­
quez and del Olmo, 1991) which would not be observable if galaxies were dusty.
Another argument could be drawn from Ferrara, Ferrini, Barsella, and Aiello 
(1990). They calculated the transport and removal of dust from spiral galaxies due 
to radiative and gravitational forces. The degree of motion depends on the particle 
size and type {e.g. graphites and silicates). If galaxies were heavily laden with dust, 
much of this dust would be ejected from the disc over time. It is even possible to 
form dust islands at the galactic poles. There would then be a general extinction 
across the galaxy, but the scale of the luminous distribution would be close to the 
true distribution, and the need for dark matter returns.
One.further suggestion not involving dust came from Binney (1986), who noted 
that a small error in sky determination (4-8%) could subtract away that luminous 
contribution which was actually causing flat rotation curves. This is not implausible, 
and is an argument that has not yet been satisfactorily answered.
1 .1 .3  T he N ature o f D ark M atter
Dark Matter has now been seriously studied for at least a decade. During this time 
a taxonomy of dark matter candidates has evolved.
Baryonic or Nonbaryonic
The only strong constraint on the baryonic content of the Universe comes from 
nucleosynthesis arguments, based on the formation of primordial D, 3 He and 7 Li 
in the Big Bang. Schramm and Freese (1985) showed that the baryonic contribution 
to 0  had to be ^Ibaryon^io ~  0.03. A later paper (Kawano, Schramm and Steigman, 
1988) derived 0.01 < 0{,aryon/i2 < 0.02. Clearly this is still an uncertain calculation, 
but the value of Qbaryon is certainly well below the 0  = 1 scenario. This immediately 
leads to the result that if dark matter exists on cosmological scales it must be 
non-baryonic. The dark matter on galactic scales can still be baryonic, as even 
with massive haloes, their contribution is of order 0  = 0.03 {e.g. , Tyson et al.,
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1984, Adams and Walker, 1990). Nonbaryonic dark matter gained popularity in 
the early 1980’s, with the advent of the Supersymmetry theories, which yielded a 
zoo of new particle species, e.g. photinos and gravitinos. These could be weakly 
interacting, dissipationless particles, with a high enough number density to close 
the Universe. These theories led to an embracing between Astrophysics and High 
Energy Particle physics, combining the study of the very large and very small. None 
of the supersymmetric particles have been detected yet - the current generation of 
particle accelerators are too small to produce the high energies needed to create 
these particles.
H ot or Cold
When considering nonbaryonic dark matter, a further classification is possible, based 
on the particles’ velocity at the time of decoupling. Particles which are still rela­
tivistic at decoupling are referred to as “hot” dark matter, an oft-used example 
being neutrinoes whereas particles which are not relativistic are “cold”. These could 
include particles such as axions and any WIMPS.
Hot dark matter (HDM) has the disadvantage that, due to its speed at decou­
pling, it will smear out any small scale features, not allowing small structures to 
form. Detailed calculations indicate that the first structures to form in the HDM 
model would be around 1 O1 5M0 , the size of a supercluster. We thus get the top- 
down scenario, which appears to be ruled out by CMB anisotropy measurements. 
This is not totally certain, for example Silk and Vittorio (1987) found that HDM and 
a low density (H ~  0.3) Universe could produce most of the large scale structures 
currently seen without violating any observational constraints. However, further 
measurements of the CMB anisotropy may rule out even their model. A further way 
out may be if HDM is bosonic, rather than fermionic (Madsen, 1991). These appear 
to be less destructive of small-scale features at early times and so allow smaller 
structures to form earlier.
In the case of Cold dark matter (CDM), the bottom-up scenario is permitted, and 
it has proven very powerful at predicting the hierarchical structure of the Universe, 
see e.g. the review by Blumenthal, Faber, Primack and Rees (1984). Recent results 
are starting to show some problems even here. It appears that there is more power 
on the largest scales than even CDM with biased galaxy formation can produce in 
a Hubble time, e.g. Saunders et al. (1991).
Further results may rule it out totally at a later stage but, nonetheless, CDM 
still remains the best cosmological dark matter to explain galaxy formation and the 
hierarchical structures we now see.
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1.1 .4  D irect D etec tio n  o f D ark M atter
If we take for granted the existence of dark matter in some form or forms, what 
chances have we of detecting it directly? This depends somewhat on what dark 
matter actually is and on the scales on which we are looking. If we neglect dark 
matter on cosmological scales and only look on galactic scales, dark matter appears 
to fall into one of two groups. Dark matter could be individual, weakly interact­
ing, massive particles, or WIMPS. These particles (and their name) were originally 
suggested by Spergel and Press (1985) to solve the Solar neutrino problem outlined 
earlier. Alternatively dark matter could be in the form of some extended, self- 
gravitating objects, such as stellar remnants, Jupiters, etc. These Massive Compact 
Halo Objects, or MACHO’s, were named by Kim Griest of Berkeley (Carr and Pri- 
mack, 1990). The detection methods are quite distinct dependent on which group 
galactic DM belongs to.
The presence of dark matter has been argued for based on its gravitational effects 
on the dynamics of the galactic disk. We can perhaps measure its distribution around 
galaxies using its gravitational effects on cluster scales, such as the X-ray gas, or 
the lensing effects on galaxy images behind the cluster (Tyson et al., 1984). None 
of these distinguish between dark matter in WIMPS or MACHOS, although dark 
matter may be used to explain stellar nucleosynthesis (Spergel and Press, 1985) and 
stellar evolution (Finzi and Harpaz, 1989, Dearborn et al., 1990, Salati, 1990, Finzi, 
1991), which would argue in favour of WIMPS.
But the arguments are circumstantial. Currently there are two routes that re­
searchers are following to actually detect dark matter and determine its nature.
In the case of WIMPS, the approach is further split into two. We can try to 
detect galactic dark matter particles passing through our neighbourhood, or we can 
attempt to actually create WIMPS in the laboratory. Both of these approaches 
are hampered by the fact that if dark matter is WIMPS, we have no idea what 
the actual WIMP mass is, nor even how, if at all, the particle would interact with 
the laboratory equipment. Nonetheless, particle physicists are searching a variety of 
avenues too numerous to list here. I would refer the reader to discussions by Gelmini 
(1987), Ellis (1986) and Jelley (1986) and references therein.
If galactic dark matter is MACHOS, we are unlikely to ever get our hands on 
it. Yet they do have a unique signature that WIMPS do not, namely their gravi­
tational lensing effects on light sources behind them. This is usually referred to as 
microlensing. The timescale for microlensing events is of order a year or shorter and, 
given the lightcurve and duration of such an event, we can calculate the mass of the 
lensing object. Such an event has already been observed by Irwin et al. (1989) in 
the galaxy Q2237+0305. This galaxy has an unusual feature near the centre. The 
galactic nucleus lenses the image of a background quasar into 4, perhaps 5, separate
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images. What Irwin et al. observed was a dimming, followed by a brightening, of 
one of these components over the course of a year. They calculated that the mass of 
the lensing object was of order O.1-O.5M0, perhaps smaller. Such an object would 
already be far down at the faint end of the luminosity function.
This observation was quite serendipitous however. To be certain of observing 
such an event more than once during the lifetime of an average astronomer would 
require observing millions of background sources continuously. Such a project has 
become feasible only recently. Paczyniski (1991) and de Rujula et al. (1991) calcu­
lated the probabilities of microlensing events observed against the Magellanic Clouds 
or Galactic bulge for MACHOs ranging in mass from 10-6 to I.OMq , if these are to 
explain the dark matter required in our Galaxy. At the high mass end one would 
expect a few events per year with the number increasing as the MACHO mass de­
creases. The duration of an event would be about 1 year for the high mass MACHOs, 
becoming shorter than a day around 10”3Mq .
Such a project is about to begin at Mt Stromlo Observatory in Australia. A 
dedicated 50 inch patrol telescope, equipped with two arrays of 2 x 2, 2000 x 2000 
pixel CCDs will observe the Magellanic Clouds continuously. Online data reduction 
of around 1,000,000 objects observed each night should provide an estimate of the 
microlensing event rate within about a year or two.
This project has the opportunity to uniquely detect dark matter if it exists in 
the form of MACHOs with masses around 1O-4M0 and up. If no events at all are 
detected, the result would probably favour dark matter in the form of WIMPS, or at 
least imply that the MACHO mass spectrum has no objects greater than lO-4M0or 
only objects with very high masses (perhaps > 10M©).
1.1 .5  T he B eh aviour o f D ark M atter
The current understanding of dark matter behaviour around galaxies is still in a 
very poor state. It is not uncommon for two papers, using the same data, to arrive 
at contradictory results. In this section I will summarise what the current theories 
suggest. We need to assume that the dark matter on galactic scales is concentrated 
around the galaxies (e.g. Puche and Carignan, 1991) rather than existing as a per­
meating background. This is sometimes suggested by the X-ray measurements of 
galactic clusters. Charlton and Salpeter (1991) have suggested that haloes may ex­
tend as far as 1 Mpc from the galaxy, so that galaxies in clusters would appear to be 
moving in a common halo, as also suggested by e.g. Rubin, Hunter and Ford (1991).
T h e Shap e o f  th e  H alo  in T h ree  D im en sio n s
To determine the halo shape requires kinematic data outside the plane of the disk. 
Monet, Richstone and Schechter (1981) derived the potential of our Galaxy using the
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flattening of the bulge and Population II stars. They arrived at a shape very close to 
spherical. Van der Kruit (1981) looked at the flaring of the Hi  disk of NGC 891 and 
found that the halo potential could definitely not be disk shaped, a spherical halo 
being far better. The same result was found by van Albada and Sancisi (1986). The 
clearest results appear to come from the analysis of polar ring galaxies. Whitmore, 
McElroy and Schweizer (1987) derived a halo shape “very close to spherical” . A 
more detailed analysis by Sackett and Sparke (1990) of NGC 4650A determined the 
shape to be anywhere between spherical and E8. The best fit indicated a shape 
between E3 and E7.
An interesting contribution to this area comes from numerical simulations of 
galaxy formation in dark haloes. Blumenthal et al. (1986) looked at the effect of 
dissipative collapse of a distribution of baryons on the halo around it. The halo was 
dragged inwards, increasing its density in the centre. A more detailed simulation 
by Ryden (1991) found essentially the same behaviour. Dubinski and Carlberg 
(1991) looked at the final shape of the halo and found that the haloes were quite 
triaxial, and very flat, with b/a ~  0.7, c/a ~  0.5. So it appears that the halo may 
be quite non-spherical. It is not clear though that the numerical simulations are 
a true reflection of reality. As such, most researchers use spherical haloes in their 
modelling.
T h e  D e n s ity  D istr ib u tio n
The variation of dark matter density with radius ideally requires velocity information 
to large radii, where the luminous matter clearly fails to provide the required po­
tential. By calculating the discrepancy between the observed and expected rotation 
curves one can derive the potential and hence the required mass distribution.
Bahcall, Schmidt and Soneira (1982) derived a density profile for the Galaxy 
halo that went like p ~  r -1-2 —> r -1,7 in the inner regions and then became steeper, 
p ~  r -2.7 -m outer regions. Comte (1984), using a larger sample, found that the 
halo density was approximately constant or slightly decreasing out to some radius 
and then turned over to p ~  r~3 in the outer regions.
Both of these results indicate a trend approximately like p ~  r -2 as required for 
flat rotation curves. It is possible that the shallower variation in the centre is due 
to over- or underestimating the contribution of the luminous matter. Most authors 
prefer to use a density profile which is similar to an isothermal sphere:
This has an asymptotic velocity
Uoo = (4xGpor^)^ = const. (1-10)
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as suggested by extended Hj  rotation curves. This model also has an analytic form 
for the rotation curve:
v(r) = Voq. 1 ---- -arctan  — (1.11)V r rc
making it relatively easy to fit to the data. Other forms with p0 ~  r~3,4 have also 
been used, but provide even poorer constraints (e.g. Lake and Feinswog, 1989, A.J.,
Scaling Laws and Variations w ith  G alaxian Param eters Pl66).
Given a model for the halo and a model for the rotation curve based on the photo­
metric data, one would think it relatively easy to fit the halo model to the residual 
rotation curve and then determine po and rc.
Unfortunately the determination is made difficult by not knowing exactly how 
much the luminous matter contributes; the M / L  ratio of the luminous material 
cannot be directly determined just from single passband photometry and the ob­
served rotation curve. The uncertainty in determining the luminous M / L can easily 
outweigh the errors in the determination of the halo parameters.
Most authors argue that the luminous material provides all of the potential for 
the rotation curve in the inner region, forcing the halo to its absolute minimum there. 
This is usually called the “maximum disk” hypothesis. The strongest evidence in 
favour of this comes from {e.g. Carignan and Freeman, 1985) examining the colours 
of the disc and comparing these with stellar evolution models {e.g. Larson and 
Tinsley, 1978). This allows one to estimate the luminous M / L  and compare that 
with the value from the maximum disk model. These typically agree quite well. Any 
large difference can be ascribed to uncertainties in the stellar evolution models and 
luminosity function.
Also, in a few cases, features in the observed rotation curve are well matched 
by features in the model just due to the light (van Albada and Sancisi, 1986). This 
would argue that the disk, if not maximum, is certainly reasonably close to it.
A further argument was advanced by Athanassoula, Bosma and Pappaioannou 
(1987). They looked at the spiral structure of their sample galaxies and noted that 
too massive a disk would inhibit the amplification of various modes. Basically, if 
a disk has two or more spiral arms there is a “clear” upper limit to the mass of 
the disk. Unfortunately, the theory of swing amplification is still undergoing strong 
debate, so its accuracy is still open to question. Nonetheless, they found that disks 
appeared to be close to maximum.
A simpler approach is to freely vary the disk M/X, po and r c when fitting to 
the observed rotation curve and numerically determining which is the best set of 
parameters. Kent (1987) among others tried this approach and found that the 
best M / L  was around 0.7-0.8 that of the maximum disk value. Unfortunately, this 
technique is sensitive to the presence or absence of features in the model or the
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data. The curve defined by Equation 1.11 is very flexible. In some cases it alone 
can provide an excellent fit to the observed rotation curve.
This problem is also compounded by a lack of data points. There are currently 
around 80 rotation curves in the literature, about half of them are optically de­
termined, the others coming from Hi observations. While optical observations are 
easier to make, they often do not extend far enough to show the discrepancy due to 
the halo. Hi curves extend much further, but require a great deal more time and 
effort to obtain.
This lack of uniform data and the uncertainty in the disk M /L  ratio have pre­
vented most serious attempts at deriving trends between halo parameters and di­
rectly observable parameters such as luminosity, Central Surface Brightness and 
scalelength. For example, if we look for a trend between the halo-mass/disk-mass 
ratio and luminosity, we find that Bahcall and Casertano (1985), Carignan and Free­
man (1985) and van Albada and Sancisi (1986) all found no trend, yet Athanassoula, 
Bosma and Papaiouannou (1987), Kent (1987) and Persic and Salucci (1988, and 
several papers thereafter) found evidence for a trend. Yet those indicating the pres­
ence of a trend are usually less than convinced by it, let alone the numerical value 
of the slope, with the exception of Persic and Salucci.
Bahcall and Casertano (1985) summarised the best result to date, for 8 galaxies, 
noting that Mhalo IMdisk -  1.0, Ph^/'Pdi7k — 0.3 and typically p0 = O.OO15M0 /pc3. 
These appeared to hold quite well, even though the sample galaxies varied by nearly 
two orders of magnitude in global parameters, such as luminosity.
Tinsley (1981) suggested that there was a correlation between Hubble Type and 
the amount of dark matter. This was contradicted by Bosma (1981) and Burstein 
and Rubin (1985).
The most interesting systems for study in recent times have been small, late-type 
galaxies. These appear to be strongly influenced by dark matter. Bosma, van der 
Hulst and Athanassoula (1988) found that the low surface brightness disk of NGC 
5963 had a very high po ~  O.O4M0/pc3, yet quite a short rc ~  4.5 kpc. Carignan 
and Freeman (1988) looked at the dwarf galaxy DDO 154 and found that at the last 
point on the rotation curve nearly 90% of the mass was dark (po ~  O.O2M0/pc3, 
rc = 3.0kpc).
Yet these small systems have large, model dependent errors inherent in their 
analysis. Pryor and Kormendy (1990) looked at the Draco and Ursa Minor dwarf 
galaxies and found central densities of p0 ~  O.9M0/pc3. Yet by changing the model, 
they could also derive values as low as po ~  O.O5M0/pc3. The same galaxies were 
studied by Lake (1990) who found po ~  O.3M0/pc3. Mateo et al. (1991) studied the 
Fornax dwarf and found po ~  O.O7M0/pc3. So it appears that these small systems 
do have larger central densities, and possibly shorter core radii, than the more
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“normal-sized” galaxies. Yet these normal galaxies span two orders of magnitude 
in luminosity and there appears to be no agreement about a clear trend in halo 
parameters there.
Halo V ariation w ith  Environm ent
The galactic dark matter haloes, although very massive, are quite extended and 
diffuse. One would expect these haloes to be somehow affected by their environment, 
and this should be reflected in the underlying rotation curve. The Hi  disks of cluster 
galaxies are seen to be Hi  deficient compared to their field counterparts (Haynes, 
Giovanelli and Chincarini, 1984), and even the disk morphology varies with local 
density, earlier types occurring in denser environments (Dressier, 1980, Krumm and 
Salpeter, 1979).
Yet there are two camps regarding the environmental effect on the halo and 
the overall mass distribution. Rubin (1988), Burstein, Rubin, Ford and Whitmore 
(1986), Whitmore, Forbes and Rubin (1988) and Whitmore (1990) appeared to find 
clear evidence for environmental effects. The last two papers even found some falling 
rotation curves, but it is unclear if this is not perhaps due to recent interactions.
On the other hand, Chincarini and de Souza (1985) and Guhathakurta, van 
Gorkom, Kotanyi and Balkowski (1988) found no significant variation in rotation 
curves as a function of environment.
It should be noted that the pro-group have studied galaxies in very dense clus­
ters, in particular the Hickson groups, where interactions are far more likely. The 
other group have studied galaxies in Virgo and A1060, much less dense environments. 
It is also not clear whether the halo parameters themselves vary with environment. 
This could be difficult to determine, since strong effects such as galaxy-galaxy in­
teractions could lead to incorrect halo determinations.
1.2 This work: Dark M atter on G alactic Scales
As shown above, dark matter is pervasive at many scales of modern astrophysics. 
Considering its apparent importance, it might be considered surprising that so little 
is known about its behaviour. Yet we can understand the difficulty in obtaining 
accurate kinematic and photometric data. It was also, until recently, difficult to 
gather such data for a statistically useful sample - there are currently only around 
80 galaxies with kinematic mass models in the literature.
T he D ata
To address these problems, I will make use of the data obtained in the South­
ern Galaxy Survey by Mathewson, Ford and Buchhorn (1992). The advantages of
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this data are manifold. The survey is a diameter limited sample, out to around 
7000 km s-1 , with no explicit magnitude bias. The galaxy types chosen are Sb-Sd, 
so the interfering effects of galactic bulges are greatly reduced.
Each galaxy has two dimensional CCD photometric data taken in the /  passband. 
The 2D photometry is ideal for fitting isophotes, improving the S / N  of the data, 
as well as being more realistic than traditional circular aperture photometry. The 
choice of /  is also excellent. I  suffers far less from intra- and intergalactic extinction 
than F?, and is also a far better indicator of the underlying red population, which 
contributes more to the disk mass than the bluer, short lived stars seen in B.
Each galaxy also has a full Ha rotation curve measured along the major axis, 
at high spatial resolution and with high velocity resolution. This detailed velocity 
information will be invaluable in determining the disk and halo masses at radii 
nearly all the way to the edge of the optically visible disk. It can be argued that 
full Hi  rotation curves out past the edge will produce far clearer evidence for dark 
matter. Yet the time required to obtain around 1000 Hi  rotation curves far exceeds 
the duration of this thesis. Furthermore, as the optical rotation curve data usually 
extends beyond the turnover radius of the exponential disk (2.15 scalelengths), it 
should be possible to obtain some idea of the dark matter behaviour. Although the 
S / N  will be lower than for Hi  data, the far greater sample size should allow us to 
derive the important trends by statistical means.
To the survey sample I have also added 20 large nearby galaxies, with diameters 
greater than 10 arcminutes (in B ), which are observed as above with I  CCD imaging 
and optical rotation curves from the 2.3m, mosaicing several pieces together. In 
particular though, the galaxies were observed at Parkes in 21cm, to obtain major 
axis rotation curves beyond the optical edge of the disk, to see how flat the rotation 
curves are, and also to perhaps yield a higher S / N  in the determination of the halo 
parameters.
The Aims
It is always the ambition of any researcher to solve all the outstanding problems in 
their field. In this case, realism dictates which areas of dark matter studies can be 
looked at with this data.
• Evidence for the presence of dark matter. The data should show the effects of 
dark matter, albeit with low S/N.  If possible, I might be able to distinguish 
if the discrepancy between expected and observed rotation curves is due to 
unseen matter, problems with the modelling of rotation curves, or new physics.
• Quantitative measurements of dark matter haloes. If the pseudo-isothermal 
model described in Equation 1.9 is used, I should determine po and rc where
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possible.
• Quantitative measurements of halo variation with galactic parameters, such 
as luminosity, surface brightness, size, type, etc.
• Quantitative determination of any variation with environment.
• Possibly understanding why the Tully-Fisher relation even works, i.e. , why 
are the kinematics (possibly halo-dominated) correlated with the photometry 
(by definition luminosity dominated).
At the very least, I should be able to determine qualitative results about the presence 
or absence of trends, even if the data is unable to uniquely determine the equation 
of the trend.
O utline o f th is thesis
Chapter 2 will describe the observations and initial reduction procedures for the 
various data in the sample. Chapter 3 describes the derivation of the distance scale 
used, via the Tully-Fisher relation. The TF is then examined to see what, if any, 
other parameters may contribute to the TF, especially to see if the scatter can be 
reduced. The further parameters examined are global, large-scale features, such as 
scalelength, surface brightness, rotation curve shape and Hubble Type. These are 
derived in the second part of Chapter 3. The final part of Chapter 3 looks at the 
interrelationship between these global parameters.
Chapter 4 discusses various ways in which the photometry can be analysed to 
produce expected rotation curves and how these can then be compared with the 
obervations. The actual fitting of models to data is described in Chapter 5, where I 
derive the galactic M / L and fit haloes to any residuals. The variation of the galactic 
M / L with global parameters is also looked at. The variations in the halo behaviour 
are examined in Chapter 6. In Chapter 7 I return to the Tully-Fisher relation to 
try to understand its behaviour and its origin in a more fundamental sense, and 
examine the implications for stellar systems outside the sample limits.
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C h ap ter  2
O bservations and R ed u ction
2.1 Sam ple Selection
Almost all of the galaxies studied in this work come from the survey initiated by 
D.S. Mathewson in September 1987. The intent was to study the nearby large scale 
structure, and in particular the motions around the purported “Great Attractor” 
(GA), Lynden-Bell, et al. (1988). This survey is described in Mathewson, Ford and 
Buchhorn (1992a)
The basic sample was selected from the ESO-Uppsala Catalogue of Galaxies 
(Lauberts, 1982) and consisted of late-type spiral galaxies, Sb-Sd, ESO B diameters 
greater than about 1.5 arcminutes, with redshifts usually less than 7000 kms“ 1. In 
the region of the GA, some galaxies with velocities > 7000 km s-1 were observed, 
chosen from the Supergalactic Plane Redshift Survey by Dressier (1988).
Since these galaxies were to be used for peculiar velocity studies, a distance 
indicator other than redshifts was required. Mathewson et al. chose to use the 
luminosity-linewidth, or Tully-Fisher, relation (Tully and Fisher, 1977). To ensure 
the accuracy of the derived parameters, the inclination of sample galaxies was limited 
to be i ^35°, and had galactic latitudes |6| > 11° to avoid galactic extinction.
In total 1355 galaxies were observed by the time the sample for this work was 
chosen. This thesis used only galaxies with optical rotation curve data and with 
inclinations below 75°, resulting in a main sample of 582 galaxies.
2.2 I Band Im aging
The majority of galaxies were imaged on the 40” telescope at Siding Spring Obser­
vatory, Australia. The CCD was a GEC chip, 576 by 380 pixels, which at the f/8 
focus had a plate scale of 0.56 arcseconds per pixel. Thus the usable field of view 
was about 5 by 3.5 arcminutes. Larger galaxies were observed at the prime focus of 
the 3.9m Anglo-Australian-Telescope, also at Siding Spring Observatory, using an
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f/1 focal-reducer. Here a Thomson-CSF 1024 by 1064 CCD was employed, with a 
plate scale of 0.98 arcsec. per pixel, and a field of view 16.7 arcmin. square. In the 
case of very large, nearby galaxies there was insufficient sky area on the detector for 
accurate photometry. In these cases, a mosaic of images was taken.
The exposure times were around 1000-1200 seconds on the 40” and 30 seconds 
on the AAT. The photometric calibration was achieved by observing standard stars, 
chosen from the 9 Harvard E-regions, using the Kron-Cousins photometry of Gra­
ham (1982). The stars were chosen to cover a range of magnitudes as well as having 
colours similar to those of the sample galaxies. Exposures were typically around 40 
seconds on the 40” and 5 seconds on the AAT. The shutter accuracy is around 20 
milli-seconds, so errors in the AAT photometry from this source are around 1%.
Magnitudes were derived from
Thus, given the standard star’s magnitude, the calibration term n  could be derived. 
The standard fields were observed between every galaxy observation and the run of k  
was checked as a function of time-of-night. Typically the scatter in k  within a given 
frame was around 0.04 magnitudes. The mean k  varied little during photometric 
nights, again, typically 0.05 magnitudes. If the variation at any time was greater 
than this, observations were halted.
The images were all debiased and flatfielded, using twilight-sky Hatfields. This, 
and the measurement of the standard stars was carried out using the FIGARO 
package from K. Shortridge (AAO).
The galaxy images were then read into and analysed with the GASP package 
from Mike Cawson (Steward Observatory) with advancements by M. Lawden (RAL) 
(see Davis, Cawson, Davies and Illingworth, 1985). GASP initially determines the 
size, shape and location of stellar and non-stellar images in the data by collating 
images at various intensity levels. These are then interactively identified as belonging 
to the galaxy, or rejected as being contaminating foreground sources. These were 
not deleted, or smoothed out, but rather masked, so that the data within the region 
they affected was ignored by the later steps.
The actual photometry consists of fitting ellipses to the data, starting at the 
centre of the galaxy. The program looped over a set of ellipses, increasing the major 
axis of each ellipse by 15% at each iteration. The other parameters of the ellipse 
were allowed to vary subject to user-input-constraints.. In these data we kept the 
centre fixed and allowed the position angle and ellipticity to freely vary. The final 
fits were visually examined by superposition on the galaxy image. It was noted 
that usually the position angle varied by ^  10°and the ellipticity, and hence the 
inclination, varied by ^  5°. Thus the ellipse parameters could generally be used
( 2. 1)
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to directly determine the major-axis luminosity profile of the galaxy. The position 
angles agreed with those of the ESO-Uppsala catalogues to within a few degrees. 
The inclination was derived from
where the value of qo = 0.2 is used as the zero point for the finite thickness of a 
galactic disc seen edge-on. It has been pointed out by Bottinelli (1983) that the 
value of qo varies with morphological type, however, the correction is small in the 
types of galaxies in this sample and so is neglected. The value for the axial-ratio 
was determined by averaging the values at three isophotal levels: 22.5, 23.0 and 23.5 
mag/arcsec2.
The sky determination came from taking the modal pixel value of a strip 128 
pixels wide around the edge of the CCD frame. The sky in I  varies quite noticeably 
due to variations in the OH airglow. Typically the sky brightness was 19.0 ± 1 .0  
mag/arcsec2.
The final output from GASP was a set of ellipses with modal intensities for 
each ellipse in counts per pixel. Using the calibration term k, determined from the 
standard stars, these were converted into mag/arcsec2 intensities. By integrating 
the ellipses a total magnitude could be derived, either by visually extrapolating the 
asymptoting curve of growth, or by integrating out to some isophotal diameter. The 
photometry was usually reliable to around 24.5 I  mag/arcsec2 and often went even 
fainter. A sample page of profiles is shown in Figure 2.1
Using this approach, we determined, from 140 repeated galaxy observations over 
a three year period, that the inherent scatter in the total magnitude determination 
was around 0.03 magnitudes, and a similar scatter was found for the individual 
isophotal values. A comparison of the AAT and 40” measurements for 34 galaxies 
observed with both telescopes showed agreement to within 0.03 magnitudes.
The surface brightness and total magnitudes were corrected for internal and 
external extinction, as well as for relativistic effects. The correction for internal 
extinction was derived following the approach of Tully and Fouque (1985), and is 
essentially a geometric projection term which assumes that all the galaxies in the 
sample had similar quantities and distributions of absorbing material.
The external extinction, due to dust in our Galaxy, was calculated by measuring 
the local column density of Hi and converting these to extinction in magnitudes, 
following the approach of Burstein and Heiles (1978). The extinction in I  is assumed 
to be 42% of that in B. The relativistic K-correction was calculated from Schreider, 
Gunn and Hoessel (1983) and, together with the internal and external extinctions, 
was applied to all magnitudes and surface brightnesses.
( 2 .2)
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Sample of surface photometry profiles derived by GASP
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2.3  O p tica l ro ta tio n  cu rves
The rotation curves used in this sample were measured using the dual-beam spec­
trograph on the Nasmyth focus of the A.N.U. 2.3m alt-az telescope at Siding Spring 
Observatory. The slit was around 5.5 to 6.0 arcmin. long, and was placed along the 
major axis of each galaxy, using the position angle quoted in the ESO-Uppsala cat­
alogue or, where these were unavailable or appeared incorrect, we used the position 
angle from the GASP results.
The detector used was a photon-counting-array, with a spatial resolution of 1.08 
arcseconds per pixel, prior to a detector change in October 1989, and 0.66 arcseconds 
per pixel afterwards. The wavelength resolution was initially 0.55 Angstroems per 
pixel (25 km s"1 at Ha ) and became 0.40 Angstroems per pixel (18 km s-1) after 
the change. The wavelength coverage on one of the 4 CCDs of the system allowed 
redshifts up to about 8000 kms-1 to be measured without changing the grating 
angle. This system has been used to collect rotation curves at redshifts close to 
20000 km s“1.
Exposures were at least 1000 seconds long, and sometimes went to 2000 seconds 
for fainter or higher redshift galaxies. Approximately 90% of galaxies observed were 
detected at Ha. While the Ha emission was usually seen, the [Nil] lines at 6548 and 
6583 Angstroems were always much fainter.
The sky-spectrum was determined from the same observations at regions beyond 
the last visible point on the galactic emission. Flat fields were obtained by the use of 
a quartz-iodine continuum lamp. Wavelength calibration was obtained from Neon 
or Argon arc lamp exposures taken before and after each galaxy observation, to 
minimise errors due to the rotation of the spectrograph during the exposure.
After flat-fielding, wavelength calibration and sky-subtraction, groups of three 
rows were extracted from the two-dimensional spectrum in the spatial direction. 
This improved the S/N ratio of the individual spectra, with a spatial resolution 
of 3.24 or 1.98 arcsec. These individual spectra were then cross-correlated with a 
template spectrum, consisting of three Gaussian emission lines, centred on Ha and 
the [Nil] lines. The intensities of the three lines were chosen to match as closely 
as possible the values measured for that particular galaxy. If the redshift was high 
enough, an offset was applied to the template so that the cross-correlation procedure 
did not have to search for offsets greater than about 2000 km s-1 .
Thus each individual spectrum produced one point on the rotation curve. The 
rotation curves were corrected using the inclinations derived from the GASP pho­
tometry. The corrected rotation curves were then displayed and, for the purposes of 
the Tully-Fisher relation, the realistic extremes of the rotation curve were measured. 
Their difference yielded the linewidth, and their average gave the systemic velocity. 
The linewidths were then corrected for relativistic effects before being used in the 
TF equation.
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It should be noted that the optical rotation curves do not suffer from turbulence 
effects, unlike radio measurements. The cross-correlation procedure finds the cen­
tre of the emission line, while turbulence only leads to line broadening. Repeated 
measurements of a sample of 36 galaxies showed a variation in measured linewidths 
of around 5km s-1 . Figure 2.2 shows a sample of optical rotation curves derived by 
this approach.
In the case of very extended rotation curves, i.e. longer than the 5.5 arcminute 
slit, a series of measurements was taken. The first measurement was centred on the 
nucleus of the galaxy. The telescope was then moved so that the slit centre moved 
along the major axis of the galaxy. The superb computer system at the 2.3m made 
this extremely trivial. From 3 to 8 separate measurements were used to produce a 
single, mosaiced rotation curve. The final curve was then derived from the average 
rotation curve in those regions where the data overlapped.
2 .4  21cm
2.4 .1  In tegrated  H I
The Tully-Fisher relation has until recently used predominantly radio linewidths, in 
particular the 21cm transition of H[. The Mathewson et al. survey began in a similar 
fashion, observing approximately 550 galaxies. The galaxies in the main sample of 
this thesis all have optical rotation curves but a significant fraction were observed at 
21cm as well. The observations were carried out at the Parkes 64m telescope, part 
of the Australia Telescope National Facility, Division of Radiophysics, CSIRO. This 
telescope has a full beam width at halfpower of approx 15 arcmin., and a sensitivity 
of 0.63K/Jy.
The effective system temperature was ~  4 0 /i. The 1024 channel autocorrelator 
was used in a 2 x 512 channel mode with a bandwidth of 10MHz. The two modes 
correspond to two receivers set up with orthogonal polarizations. Both sets were 
centred on the same velocity, usually the value given in published redshift surveys. 
After the observation the two polarizations were co-added.
The observations consisted of 20 minute sequences, 10 minutes on the source 
then 10 minutes on a point 11 minutes of time away from the source, so that the 
same airmass was observed. This second part provided the sky-subtraction curve 
and helped to remove gross baseline variations. Typically 3 such sequences were 
enough for a reliable determination of linewidths, although some galaxies required 
8-10 sequences.
The galaxies were observed with a bandwidth of 10 MHz which, after Hanning 
smoothing only gave a velocity resolution of 7 km s-1 . The baseline was interactively 
determined, by masking out the galaxy emission and any sharp local features, and
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Figure 2.2: Sample of Optical rotation curves observed in the survey
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a seventh order baseline was fitted to the remainder.
The minimum signal-to-noise ratio, S/N, was ~  5 — 6 although in most cases it 
was much higher. Rms values of the signal were typically 10mJy. A rather “loud” 
satellite of unknown origin occasionally caused problems around 5200 km s-1 and 
2600 km s-1 , but none of the galaxies in this sample were affected by this. The 
calibration of the telescope was carried out using the Hydra A radio point source, 
whose flux density was taken as 43.5 Jy at 21cm.
The line widths and fluxes were determined using a program written by Dr G. 
Bothun. This derives the heliocentric systemic velocity, the integrated flux from the 
galaxy and the linewidths, W5 0  and W2 0 . These were taken to be the linewidth at 
which the signal strength reached 50% and 20% of the mean peak signal strength 
from either half of the profile. These were then corrected for relativistic effects. The 
Hj  flux was also corrected for the finite size of the galaxy and the receiver beam. 
The correction factor is
/ = ml ^1.06Dq cos (2.3)
where
Do = face on isophotal diameter 
i = inclination
9 = full-width-half-power of telescope beam, for Parkes 9 = 15 arcmin. In Figure 2.3 
I have plotted a sample of Hi profiles.
2.4 .2  m ajor axis rotation  curves
For the large, nearby galaxies I derived major axis Hi rotation curves following the 
procedure used by Carignan and Freeman (1985), summarised here. One assumes 
that the Hi is distributed with essentially a Gaussian profile. The convolution of 
the Hi Gaussian with the beam profile Gaussian
yields a further Gaussian.
P(x) =  exp
I(r) = Iq exp ~(r -  r p f
2<?o
(2.4)
(2.5)
In Figure 2.4 an example observed Gaussian (Flux-integral against radius) is plotted, 
along with the best fit, for NGC 3621 (377-G37). By deconvolution it is possible to 
derive the true galaxy Hi distribution and calculate the “effective” position of the
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Figure 2.4: The Gaussian variation in Flux integral with radius observed in NGC 
3621 (377-G37)
beam, i.e. where the velocity of the peak emission matches the rotation curve. One 
calculates the true Hj  Gaussian width
and then the corrected radius is given by
T'corr
a H , r  +  ° B T0 
a H , +  a B
(2 .6 )
(2.7)
The velocity at rcorr is measured directly from the peak of the emission profile 
at radius r. The uncertainty in the radius can be calculated from the formal errors 
in the determination of crg,Og and r. The uncertainty in the velocity is difficult to 
quantify. I have drawn only the range of velocities at the 95% of peak intensity level 
without taking into account the decrease in S /N  as a function of radius. Clearly 
this approach underestimates the uncertainty in the velocity determination. The 
overall technique works quite well, as pointed out by Carignan, when he compared 
the rotation curve he derived for NGC 3109 with a determination from the Nancay 
telescope. The agreement was very good.
I initially selected a sample of 20 galaxies, covering a range in Type and size. 
These are listed in Table 2.1. These galaxies were observed at Parkes in March and 
October 1989. Each galaxy was observed at 5-7.5 arcminute steps along its major 
axis. On both sides, observations were continued until a clear “no-detection” after 
a 1 hour integration was seen.
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Name ESO name R.A./Dec. Size (aremin) Type Redshift p.a.
N45 473- G 1 001131-2327.7 11.0 x 8.0 Sd 468 142
N134* 350- G 23 002754-3331.3 10.0 x 2.0 Sc 1577 50
N247* 540- G 22 004440-2102.0 30.0 x 9.0 Sd/Irr 157 174
N253* 474- G 29 004507-2533.9 32.0 x 8.0 Sc 249 52
N1097* 416- G 20 024411-3028.9 13.0 x 8.0 SBb 1273 130
N1365 358- G 17 033141-3618.4 14.0 x 10.0 Sc 1636 32
N1512* 250- G 4 040216-4329.2 18.0 x 6.0 SB(r:)b 893 90
N 1532* 359- G 27 041009-3300.0 22.0 x 6.0 Sc 1186 33
N1808 305- G 8 050559-3734.6 10.0 x 7.0 Sa? 977 133
N3109* 499- G 36 100049-2555.0 33.0 x 7.0 Irr 403 93
N3621* 377- G 37 111551-3232.4 20.0 x 10.0 Sc 726 159
N4945* 219- G 24 130231-4912.2 26.0 x 6.0 Sc - Irr 562 43
N5084 576- G 33 131734-213354 19.0 x 2.8 SO? 1719 80
N5102 382- G 50 131907-3622.2 12.0 x 5.0 SO 443 48
N5170 576- G 65 132707-174236 11.0 x 1.6 Sc 1501 127
Fed-Fig 270- G 17 133139-4517.1 17.0 x 2.0 S.../Irr 822 118
N6744* 104- G 42 190501-6356.2 25.0 x 15.0 Sc 837 15
N7090 188- G 12 213259-5446.9 9.0 x 1.8 Sc 849 127
15201* 289- G 18 221754-4617.2 11.0 x 6.0 SB:c 910 33
N7793* 349- G 12 235515-3252.1 14.0 x 8.0 Sd 209 98
Table 2.1: Initial sample of galaxies with H i  major axis rotation curves observed 
for this thesis
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Of the 20 galaxies, 12 produced, in conjunction with the optical data, useable ro­
tation curves, marked in Table 2.1 with an asterisk. These are plotted in Figure 2.5, 
the radius is quoted in arcminutes. The overall agreement between the optical and 
radio rotation curves is excellent. All galaxies show a very extended, flat rotation 
curve after the initial turnover. If the disk is unable to contribute to the rotation 
curve at these large radii, then one has the usual problem of dark matter or new 
physics. Another point to note is that the asymptotic velocity of the disk is already 
reached inside the optical rotation curve. Thus I can use Vmax of the disk as a 
constraint on the halo parameters.
The remaining galaxies were either not resolved by the Parkes beam, had poor 
S /N  at 21cm or had insufficient Ha emission for a reliable optical rotation curve. 
I compared my results for NGC 3109 with those of Carignan and Freeman (1985), 
and found excellent agreement. It has since turned out that the curve is in error. 
Jobin and Carignan (1990) obtained VLA data which showed that the major axis 
of the Hi disk of NGC 3109 is not aligned with the optical disk. The disagreement 
is nearly 20 degrees and produces quite a different rotation curve in the outer parts.
2.5  In  c lo sin g
The final measurements for linewidths, apparent and absolute magnitudes, inclina­
tions and distances, along with other parameters, were tabulated into a single, large 
table. This table is not reproduced here; readers are directed to Mathewson et al. 
(1992a), where the table is included along with all of the GASP luminosity profiles, 
the final rotation curves and the integrated Hi profiles.
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The origin of the Tully-Fisher relation is uncertain. Aaronson, Huchra and 
Mould (1979) suggested one approach, where using the Virial theorem led to the re­
lation L ~  V 4 as found by Tully and Fisher. This however only works when all Spiral 
galaxies have very similar mass distributions, essentially constant Central Surface 
Brightness and a constant stellar mass-to-light ratio for all Spirals. However, all of 
these assumptions have been shown to be flawed, e.g. Tully (1989).
C h ap ter  3
L a rg e  scale  fe a tu re s  a n d  th e  
T u lly —F ish e r  re la t io n
3.1 In tro d u ctio n
To determine galactic parameters, such as mass, luminosity, M /L  ratio, disc scale- 
length, etc., we need to determine the galaxy’s distance as accurately as possible. As 
pointed out by Mathewson et al. (1992b, and references therein) redshift is an inad­
equate distance indicator, especially for redshifts closer than around 7000 kms-1 , 
due to large scale peculiar velocities which can be of order 500 -  1000 km s-1 .
A more accurate distance indicator is the luminosity-velocity relation; the Faber- 
Jackson relation (1976) for ellipticals using the velocity dispersion, and the Tully- 
Fisher relation (1977) for spirals using the maximum rotational velocity, or linewidth. 
The latter has in recent times been extensively used for distance measurements of 
galaxies in clusters (e.g. Aaronson et al., 1986) and large scale structure studies 
(e.g. the GA study of Mathewson et al., 1992b).
Unfortunately, using the Tully-Fisher relation (hereafter often TF) is not quite 
trivial. The slope of the TF varies as a function of the passband, from a value around 
6 in B  up to about 10 in H (Bottinelli, 1983) and also appears to vary from cluster 
to cluster within a passband for as yet unexplained reasons. The TF may also vary 
as a function of environment, i.e. the cluster richness, as a function of mean galactic 
type within the cluster, e.g. Hubble Type, Surface brightness, scalelength, bulge- 
to-disc ratio, etc. Some of this variation may be due to variations in the amount of 
dark matter around the individual galaxies. To further complicate matters, the TF 
may not be a linear relation, but rather quadratic (Mould, Han and Bothun, 1989). 
If this is true, and is not corrected for, one can introduce large errors in the zero 
point of the relation and impose spurious distances and velocities on some galaxies.
The determination of the zero point requires the distance to some calibrating
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galaxies to be accurately known, as well as their linewidths (in the case of spirals). 
It is important that the calibrating galaxies are observed in the same manner and 
with the same equipment as the sample galaxies. For example, some authors use 
published 21cm linewidths for their calibration, not realising that these galaxies may 
have had no smoothing applied, which is often the case for strong nearby sources. 
These often have high S / N ratios. Sample galaxies on the other hand are usually 
smoothed. This can lead to a systematic offset from the calibration. A further 
problem can be introduced if low-linewidth galaxies, typically faint sources, are 
preferentially smoothed, while brighter, stronger sources are not. This can lead to 
low-linewidth galaxies being excessively, artificially broadened and thence a curved 
TF may result.
In this chapter I will derive the TF used for this thesis work, neglecting initially 
any problems due to second, third or further parameters. I will then examine the 
TF to see what, if any, second parameters do exist and how they affect the TF as a 
distance indicator, and briefly examine whether the TF is truly curved. I will also 
examine trends between various large scale features of the galaxies in this sample, 
such as the Central Surface Brightness (CSB), Mean Surface Brightness (MSB), the 
disc scalelength, bulge-to-disc ratio, Hubble Type, linewidth and overall rotation 
curve shapes.
3.2  T h e  T u lly -F ish e r  re la tio n  variab les
3.2.1 L inewidths
As noted above, it is important that the linewidths of the galaxies in the sample all 
be observed in a self-consistent manner. When the survey began, Mathewson et al. 
used the traditional integrated Hj  profile at 21cm. This became more difficult as the 
survey progressed due mainly to the decreasing sensitivity of Parkes with redshift. 
Galaxies beyond about 5000kms_1 are difficult to measure at Parkes. The Arecibo 
dish can reach redshifts up to about 14000 km s-1 , but the 2.3m/DBS combination 
has been successfully used for high resolution rotation curves out to 20000 km s-1 and 
beyond. The main limiting factor here appears to be the finite size of the galaxy 
itself.
Furthermore, the Parkes dish suffers from (i) interference from ground and space 
based sources, and (ii) crowding problems in clusters due to the broad 15 arcmin. 
beam of Parkes. Optical rotation curves have neither of these problems.
However, one needs to be sure that the derived linewidths from the two tech­
niques are directly comparable.
In the case of optical rotation curves, the cross-correlation procedure determines 
the position of the peak of the galactic emission on either side of the nucleus. This
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Figure 3.1: Optical Rotation Curve overlayed on the raw data. Note that the curve 
follows the peak of the emission and ignores the variations in broadening
removes any effects due to turbulence broadening while still retaining the underlying 
variations due to features like spiral arms. This can be seen in Figure 3.1, where the 
determined rotation curve is overlayed on the raw data. It should be noted that the 
optical rotation curve linewidth is limited to being inside the visible disk.
The determination of linewidths from 21cm profiles is quite different. In Fig­
ure 3.2 one can see how the Hi distribution is convolved with the underlying rotation 
curve and any turbulent motions to produce the final observed profile. The dotted 
line is the unsmoothed profile, the solid line is the observed profile. The shoulders 
are due to the sharp changes in the model rotation curve. The usual procedure is to 
measure the profile width at a given fractional intensity of the peak intensity, typ­
ically 50% or 20%. Clearly neither of these values will always be exactly the same 
as the optically determined linewidth. For example, with some parameter settings 
the model would need to be measured around the 70-80% level.
To compare the optical and 21cm measurements, I plotted VmaXi0pt against W50 
(the 21cm linewidth at the 50% level) in Figure 3.3 and VmaXi0pt against W 2 0  in 
Figure 3.4. The derived fits for the sample of 198 galaxies are
V m a x ,o Pt = (1-00 ±  0.02)PF5O -  (7.8 ±  2.4) a = 11.5 km s"1 (3.1)
V m a x ,o Vt = (0.98 ± 0.02)VF2o — (15.0 ±  2.5) cr = 12.0 km s"1 (3.2)
The two values are strongly correlated with a very narrow dispersion, a slope within 
errors of 1.0 and an offset indicating that the radio measurements are always broader 
due to the effects of turbulence.
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Figure 3.3: Comparison of optical linewidth against radio linewidth at the 50% level
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Figure 3.4: Comparison of optical linewidth against radio linewidth at the 20% level
It is worth noting that at the low linewidth end of these fits there is no significant 
deviation from the line. This indicates that we are still well above the region where 
turbulent motions are noticeable, i.e. where pressure support becomes significant. 
This would show the points asymptoting to some constant radio linewidth as the 
optical linewidth tended to zero. It also shows that we have been consistent in our 
treatment of the radio profiles as regards smoothing.
We can use these relations to bring the radio measurements onto the optical 
system, within errors. This affects only those galaxies for which we had no optical 
rotation curve (ORC) measurements. The subsample of galaxies used in the latter 
parts of this work obviously all had observed ORCs.
3.2 .2  L um inosities  _ ,
All the galaxies have full two dimensional photometry from^CCD observations. This 
is more reliable than fixed aperture photometry, allows better sky determination 
and measurement of total intensities.
This however only yields an apparent magnitude. To be able to plot the Tully- 
Fisher relation, I need to bring the galaxies in the sample to the same distance. 
There are various ways to go about this. Firstly I can just use galaxies in a single 
identified cluster, fit the TF and then apply that TF to all the galaxies in the 
sample. However, one cannot be sure if the chosen cluster is representative of the 
entire sample or is perhaps unique in some way.
Another approach is to bring the galaxies to the same distance by using their
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Figure 3.5: The Tully-Fisher relation for the Fornax cluster
redshift as a first-order distance indicator. While having a larger scatter due to 
peculiar motions, the advantage here is that we can use all 1355 galaxies.
A third approach is to look at all the clusters that occur within the sample 
and assume that they should scatter about the true TF. Thus we can use apparent 
magnitudes directly to derive the individual TF lines and hence the best overall TF. 
This also allows the use of more galaxies than an individual cluster would do.
In the following section I will examine each of these approaches in turn. This will 
allow me to determine the best slope of the TF. To derive the zero point requires a 
sample of galaxies with known distances, which is addressed in the latter parts of 
the next section.
3.3 The Basic T ully-F isher relation
3.3.1 A single c luster
I first consider the Tully-Fisher relation for the Fornax cluster. This is plotted in 
Figure 3.5. The best fit line is
M  = (-7 .98 ±  0.51) (log(Vmai) -  2.0) + (11.78 ± 0.08) (3.3)
with a dispersion of a — 0.23 mag. This is a surprisingly tight relation, other authors 
have found dispersions typically 1.5 times larger. As noted, I can not be sure that 
the Fornax cluster is not an unusual group. This question will be looked at later in 
this thesis.
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Figure 3.6: The Tully-Fisher relation for 1353 galaxies, using redshift as a distance 
indicator.
3.3 .2  R ed sh ift corrected  sam ple
If I bring all the galaxies to the same redshift (100 kms-1), the TF in Figure 3.6 
results. The redshift here is measured with respect to the Microwave Background, 
so to correct the heliocentric redshift actually measured I use
T c m fe  —  Vfielio 
The best fit line here is
+ 377((0.7660 sin 6) + (0.6428 cos b cos(Z -  267.0))) (3.4)
£"*•{+U&J f a .  23? PLfl )
MJ.= (-6.62 ±  0.08) (log(Vmax) -  2.0) + (5.58 ±  0.02) (3.5)
with a dispersion of a — 0.60 mag. However, as pointed out by Mathewson et a/., 
the peculiar velocities of the. galaxies in this sample are not uniformly random. 
There appears to be some bulk flow of galaxies towards the Hydra-Centaurus region, 
around l = 305°, b = 20°, with a velocity v = 600kms-1 . Figure 3.7 shows the 
trends in redshift as a function of implied distance (from the TF). If there is no 
flow, the galaxies should follow the 45° line shown. In the left panel galaxies in the 
direction of the purported Great Attractor are shown. The points with error bars 
show the variation in the mean, after binning the galaxies by redshift into 500 km s-1 
bins. There is a clear offset all along the line towards excess redshift, implying a bulk 
flow. As a control, galaxies at right angles to the G.A. are plotted in the right hand 
panel. Here the mean follows the expected line extremely well, with the exception of 
a bulge around 7000-8000 km s-1 , probably due to low counts there. Clearly there 
are some very large scale motions in this region of the Universe. Another point to 
note is that the left hand panel always shows a positive excess, never a negative one.
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angle redshift slope intercept dispersion
AH AH -6.62 ± 0.08 5.58 ± 0.02 0.60
0°< 9 <45° 2 < 4000kms_1 -5.91 ± 0.17 5.34 ± 0.03 0.59
45°< 9 <70° 2 < 4000kms_1 -6.32 ± 0.19 5.73 ± 0.04 0.63
70°< 9 <90° 2 < 4000 km s"1 -6.49 ± 0.17 5.96 ± 0.03 0.61
0°< 9 <45° 2 > 4000 km s-1 -5.44 ± 0.25 5.08 ± 0.07 0.47
45°< 9 <70° 2 > 4000 km s-1 -6.12 ± 0.30 5.36 ± 0.08 0.44
70°< 9 <90° 2 > 4000 km s-1 -5.88 ± 0.30 5.27 ± 0.08 0.43
Table 3.1: TF fits for the six redshift corrected groups
There is no backside infall seen anywhere along this fine and hence there is no Great 
Attractor required - unless it lies beyond the bounds of this plot, inducing the bulk 
flow. The same flow appears to extend even further when galaxies on the other side 
of the sky are observed, as pointed out in Mathewson et al.. There thus appears to 
be a strong bulk flow over a region about 20000km s-1 in extent, a very large chunk 
of space.
The sample can be divided into groups based on their projected angle away from 
that line. I have split the sample into three groups with 0, the angle to the flow, 
taking values of 9 > 70°, 45°< 9 <70° and 9 <45°. I can further subdivide these 
groups into high and low redshift groups, 2 = 4000 km s-1 being a convenient cutoff. 
If there is a typical peculiar motion of around 600 km s-1 , the percentage error in 
the luminosity should be smaller for the high redshift group.
I thus have six TFs, plotted in Figure 3.8 and Figure 3.9. The fits and dispersions 
are listed in Table 3.1.
The low redshift fits show a strong variation with angle, the higher redshift group 
less so. It is interesting that the higher redshift sample is less convincing and that 
there is a variation in slope as well as intercept. One would expect a bulk flow to 
provide only a change in intercept. The two features are related and are due to a 
luminosity bias with distance. One can see in Figure 3.9 that the galaxies plotted 
are on the average more luminous compared to those in Figure 3.8. This reduced 
range in luminosity leads first to a greater chance of mismeasuring the slope.
The other effect is more insidious. A bulk flow in a redshift corrected sample 
will produce a percentage error in the distance, and hence luminosity, that varies 
with distance. Any luminosity bias with distance will then lead to a decrease in the 
determined slope to below the true value. Hence the fits for the 0°< 9 <45°samples 
have shallower slopes than the higher-angle samples.
But the perpendicular-to-flow sample also has a much shallower slope than the 
Fornax cluster fit. Which is thus correct? It is possible that the local flow field
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Figure 3.7: The expected/observed distance plot for the Mathewson et al. survey 
showing the offset due to a bulk flow in the direction of Hydra-Centaurus, and the 
lack of flow at right angles to this line
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Figure 3.9: TuHy-Fisher relation for large z and low; intermediate and high values 
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is more complex than a simple bulk flow over an extended region. Thus even the 
high-angle galaxies may be misleading. One is tempted to prefer the apparently 
unbiased galaxies in a cluster.
3 .3 .3  C om bining M u ltip le  C lusters
There are 24 clusters identified in the sample. I can fit individual TFs to all of these 
and compare their slopes. These fits are tabulated in Table 3.2 and are plotted in 
Figure 3.10. The same error in luminosity was used for all cluster galaxies (a = 0.3 
mag.) as they were observed in the same way, with identical reduction procedures, 
etc. The value of 0.3 mag was chosen to approximately reflect the uncertainties in 
the corrections for internal and external extinctions as well as in the raw photometry. 
It is almost certainly exceedingly generous.
To check that these fits are not affected by any curvature, Figure 3.11 plots the 
determined slopes against the mean linewidth in the cluster. No trend is apparent. 
To check for observational bias due to the cluster distance I plotted the cluster slopes 
against the mean redshift of the cluster in Figure 3.12. The formal fit is
slope = (0.000 ± 0.002)Vcm6-  (7.242 ± 0.357) (3.6)
i.e. no trend with redshift, unlike the results suggested by Han (1991), Aaronson 
et al., (1986) and Mould, Han and Bothun (1989), where there appeared to be a 
weak dependence of the TF slope with both mean cluster linewidth and redshift. 
Their results however were only significant at the la  level. It should also be noted 
that Han’s data extended to somewhat higher redshifts (10000 km s_1, as opposed 
to 6000 km s-1 here), but one feels that this data should have shown the rising part 
of the suggested trend out to 5000 km s-1 .
Thus it appears that combining the clusters produces a reliable determination 
of the slope. 17 of the 24 clusters are within 1 a of the mean slope, 21 of the 24 are 
within 2a. The three other clusters (Pavo, Cen45 and 2159-32) clearly appear to 
be discrepant. If I take just the arithmetic mean of the 10 most populous clusters 
I find a slope of 7.38, and by excluding Pavo from this I find a slope of 7.10. Both 
are very close to the value derived above.
3 .3 .4  C alibration
Taking the derived slope of -7.242, I fitted this line to the Fornax cluster galaxies, 
for which the distance modulus is m — M = 31.01 (Aaronson, Dawe, Dickens, Mould 
and Murray, 1981). The intercept for this fit was found to be 26.25T0.07. Thus the 
Tully-Fisher relation used in this thesis is
Mabs = -(7.24 ±  0.36) log10 V -  (4.76 ±  0.07). (3.7)
where V  is the optical linewidth and M  is in the I  band.
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Cluster N mean V c m b
1157-17 4 2066
1204-29 10 2289
1223-39 7 3314
1822-71 7 3493
1915-56 11 3300
1946-56 5 1937
2159-32 10 2264
ACO0123-38 3 5961
Antlia 28 3078
Cen 30 16 3629
Cen 45 7 4781
DC0247-31 3 6150
DC1842-63 9 4712
Eridanus 17 1534
ESO-508 9 2918
Fornax 14 1292
Hydra 19 3885
IC 4296 8 4251
K 27 5 5082
NGC 3557 8 3335
Pavo 14 3518
Pavo 2 5 4357
Sculptor 25 1352
Telescopium ' 7 2823
slope dispersion
-6.74 ± 1.30 0.10
-7.71 ± 0.81 0.39
-6.72 ± 0.48 0.32
-6.78 ± 0.79 0.29
-7.90 ± 0.53 0.28
-6.93 ± 0.89 0.28
-5.32 ± 0.53 0.55
-7.06 ± 1.60 0.07
-7.21 ± 0.40 0.40
-7.58 ± 0.60 0.38
-3.54 ± 0.92 0.45
-7.75 ± 3.35 0.02
-5.88 ± 0.81 0.38
-6.50 ± 0.37 0.63
-6.59 ± 1.01 0.21
-7.98 ± 0.51 0.23
-6.44 ± 0.68 0.27
-6.94 ± 1.42 0.29
-10.62 ± 5.52 0.23
-6.16 ± 1.13 0.29
-9.97 ± 0.78 0.38
-6.91 ± 0.93 0.14
-7.22 ± 0.38 0.43
-5.23 ± 0.92 0.29
Table 3.2: TF fits for the 24 clusters
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Figure 3.10: Tully-Fisher relation for the 24 clusters
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Figure 3.10: cont.
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Figure 3.10: cont.
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Figure 3.10: cont.
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Figure 3.11: Cluster slope plotted against the mean linewidth of the cluster members. 
Any curvature would show a change in slope at low linewidths
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Figure 3.12: Cluster slope plotted against the mean redshift of the cluster members.
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3.4  M ea su rem en t o f  G lob a l P a ra m eter s
3.4 .1  B u lg e /D isk  L um in osity  D eco m p o sitio n s
To accurately determine the disk Central Surface Brightness (CSB) and its scale- 
length h, as well as the magnitude of any bulge contribution to the luminosity 
requires a detailed fit to the photometry and turns out to be very susceptible to 
errors. Byun (1991) examined a variety of approaches and noted the shortcomings 
due to fitting models purely to one dimensional major axis profiles. He developed a 
six parameter model to fit to the full two-dimensional photometry, alleviating prob­
lems due to projection effects. By repeated simulation he found that this technique 
reliably recovered the input parameters.
Byun’s approach, however, provides a level of sophistication beyond that needed 
for this work. I have developed a somewhat simpler approach which appears to 
produce reliable and believable fits to the data using only the major axis profiles.
The model that is used combines an exponential disk (Freeman, 1970)
Idisk(r) = / 0)Cfe-r / /l (3.8)
with a bulge profile (de Vaucouleurs, 1959)
- 3.33
Ibulge{.r ) =  f 0 ,610 (3.9)
and thus the final result is the determination of the four parameters 7o,d, /o,6> h and
n-
The fitting technique used is based on the Levenberg-Marquardt method which 
is a combination of the steepest-descent and inverse-Hessian methods for finding 
the nearest and deepest minimum. This is described in detail in Numerical Recipes 
(Press et al., 1986). This technique will look for a minimum in y 2 space close to 
the input initial guesses for the 4 parameters. Unfortunately as it turns out, the 4 
parameter model has a very dimpled y2 surface and, based on where on the initial 
guess is, any one of several local minima may be found. Because of this, the three 
pass process was developed.
The first pass fits just an exponential disk to the outer two-thirds of the disk. The 
sample galaxies are late types, and should have nearly negligible bulge contribution 
out there. The second pass keeps the disk parameters from Pass-1 fixed and fits a 
bulge profile to the residual.
At this stage we have initial guesses for the four parameters. Because of the 
way that they were determined, we can be fairly certain that we have overestimated 
the disk luminosity and underestimated the bulge luminosity. The disk scalelength 
should be close to its true value, while the bulge radius is poorly determined.
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Taking the 4 parameters derived from the first and second passes as initial
guesses, a brute force search of parameter space was run as the third pass. The 
disk parameters were only allowed to wander a certain distance from their initial 
values, and predominantly towards decreasing disk contribution. The bulge param­
eters were less constrained.
Parameter space was searched in 0.2 mag. steps in Zo.d and io,6 and 1 arcsec. steps 
in h and r&, and the x2 of the best fit (for that set of initial parameters) was recorded. 
The first and second pass are thus only used to greatly reduce the parameter space 
searched. They also allowed quick rejection of any fits that wandered outside the 
permitted space.
The lowest x2 fit was then chosen as the “best” determination of the 4 parame­
ters. This 3 pass approach proved quite reliable in producing believable fits. Disks 
certainly appeared to be well fitted, while bulges were less convincing. It is possible 
that the r* model for bulges is a poor representation when bulges are this small.
The surface brightness terms are corrected for extinction using the same correc­
tions as applied to the total luminosities. There is also an inclination correction due 
to the change in apparent surface area as a function of inclination. The correction 
to the area is just cos(z) so the correction to the surface brightness is 2.51og(cos(z)). 
Because this can become a quite large correction for high inclinations, I have only in­
cluded galaxies with inclinations i < 75°. The apparent scalelengths were converted 
to their true values using the TF in Equation 3.7.
By integrating Equation 3.8 and Equation 3.9 we can determine the bulge-to- 
disk ratio, B/ D,  directly from
The distribution of CSB and h are plotted in Figure 3.13 and Figure 3.14, while 
the B / D  distribution is plotted in Figure 3.15. Clearly the vast majority of galaxies 
in this sample have essentially negligible bulges. The CSB values are peaked about 
20.0 mag/arcsec2 with an appreciable width. This is not what was expected based 
on the result of Freeman (1970) who found a very narrow distribution of CSB values. 
This is discussed in some detail in Byun (1992).
3.4 .2  D iam eters
There are two common definitions of diameter in popular usage. One is the “isopho- 
tal” diameter which corresponds to a diameter where the galaxy luminosity decreases 
to some particular value. In this sample I use the I  = 23.5 mag/arcsec2 isophote.
(3.10)
where the M ’s are in mag/arcsec2and the radii in arcseconds.
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CSB^
Figure 3.13: Distribution of Central Surface Brightness values.
S c a le le n g th  (kpc)
Figure 3.14: Distribution of Scalelengths.
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B/D
Figure 3.15: Distribution of Bulge/Disk ratios. The first bin has around 880 galaxies.
This diameter is quite reliably determined but it can suffer from inclination 
effects. A highly inclined disk, assuming “normal” levels of internal extinction, will 
appear to be larger due to the projection of the back part of the disk.
Thus another diameter is quoted which corrects for this projection. The “face- 
on” diameter is how large the galaxy would appear (out to some isophotal radius, 
say i?23 .5) if viewed from face-on, i.e. 0° inclination. The determination of Do is 
(from de Vaucouleurs’ 2nd Reference Catalogue of Galaxies (RC2))
log10 Do = log10 J?23.5 -  0.235 log10(a/6) + 0.09Aex* (3.11)
where a/6 is the apparent axial ratio of the galaxy on the sky and Aext is the 
extinction in the galaxy in magnitudes.
3 .4 .3  T otal L um inosity
The total luminosity of a galaxy is not quite trivial to determine. Unless there is 
some truncation radius, the exponential disk theoretically extends to infinity. While 
Equation 3.8 can be integrated to find that
Itot = 2wl0h2 (3.12)
the determination of Io and h is not reliable enough. Neither are the galaxies in this 
sample perfectly exponential with absolutely zero bulges. A variety of approaches 
were tried to determine Ltot, yet the best technique proved to be visually determining 
the asymptotic limit of the luminosity curve of growth. This was very reliable
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Figure 3.16: Distribution of total luminosities
and quite repeatable. It allowed for the momentary rejection of any apparently 
spurious data points in the outer parts of the photometric fits, which often caused 
computational extrapolation techniques to produce erroneous results. The onerous 
task of examining over 1500 luminosity curves was taken on by Vince Ford, to 
whom I am eternally grateful. The distribution of total luminosities are plotted in 
Figure 3.16.
As a test, I can plot this total luminosity against the value derived from the above 
equation, see Figure 3.17. The correlation is very good, with only a few galaxies 
straying from the line. These strays are predominantly galaxies where the modelling 
turned out to be quite bad, others have some small bulge contribution.
3 .4 .4  M ean Surface B rightness
Given a total luminosity and diameter it is quite simple to calculate the Mean Surface 
Brightness (MSB), i.e. , the surface brightness one would observe if all the galaxy 
light were uniformly distributed across the disk, rather than an exponential. One 
gets
E = Mtot + 5 log10 D0 + 2.5 log10 7r (3.13)
where E is the MSB in mag/arcsec2, Mtot is the total luminosity in magnitudes and 
Do is the face-on diameter in arcseconds.
The distribution in MSB is shown in Figure 3.18. It shows a similar shape to 
the distribution in CSB, and in Figure 3.19 I have plotted these against each other.
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Figure 3.17: Comparing the observed Total luminosity against the expected value 
from the exponential disk model alone.
The line is
CSB = (1.81 ±  0.03)MSB -  (19.43 ±  0.57). (3.14)
While showing an excellent correlation, the slope has an interesting value. This turns 
out to be due to the variation in the diameter with CSB (recalling that Do is based 
on an isophotal radius). The total area of the disk can be written as Area=7r(n/i)2 
where n is the number of scalelengths from the centre to the isophotal radius. Using 
the exponential disk, one finds that
MSB ~  CSB +51og10n (3.15)
For low CSB galaxies, n ~  2 whereas for high CSB n ~  4. Thus we get a change in 
MSB of 5 log4 — 5 log 2 = 1.5 mag above a two magnitude change in CSB. Thus the 
slope becomes (2 + 1.5)/2 = 1.75, quite close to the value observed in Figure 3.19.
3 .4 .5  R o ta t io n  C u rv e  S lopes
Rotation curves come in a variety of shapes. To characterise them can be difficult, 
but one approximation applicable to almost all curves divides it into three regions: 
an initial rising section from the centre outwards, a turnover region and lastly an 
approximately flat region. The first and last regions can be approximated by straight 
lines fitted to the data. It is suggested that the inner slope is correlated with 
luminosity (Rubin et al., 1985) and with Hubble-Type, and is an indicator of the 
galaxy central mass (Baiesi-Pillastrini, 1987). The outer slope is typically flat or
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Msa^
Figure 3.18: Distribution of Mean Surface Brightness values.
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Figure 3.19: Plotting Mean Surface Brightness against Central Surface Brightness. 
The strong correlation is due to most galaxies being close to exponential disk, the 
slope value is due to diameter effects.
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even rising, while most models, such as the exponential disk, are clearly decreasing 
in this region. Thus the outer slope is an indicator of the presence, and perhaps even 
the amount, of any dark halo. This point has been looked at repeatedly by Persic 
and Salucci (1988, 1990a-d, 1991a, b) who find that it does provide an indication of 
dark haloes.
I have applied the three region approximation to the rotation curves used in the 
subsample of this thesis (582 galaxies, with inclinations i < 75°.) Initially the inner 
region was defined as extending from 0 to 0.75 scalelengths and the outer region 
went from 2.0 scalelengths to the edge of the data. It turned out that the definition 
of the inner region was too broad; some galaxies have very high inner gradients over 
very small regions. Thus I used a more case-by-case approach: the fitting program 
looks for the data point that first exceeds 75% of the maximum rotational velocity 
(on both sides of the nucleus) and includes the next point on the rotation curve in 
the fit as well. This proved to be quite reliable.
The resultant slopes can be quoted in 4 distinct ways. Firstly the raw km/s/kpc 
as determined by the distance of the galaxy. By dividing this slope by Vmax one 
gets a percentage slope, in units of kpc-1 . We can also scale the gradient by the 
scalelength in kpc, resulting in units of km/s/scalelength. Again dividing this by 
Vmax results in a percentage slope, now in scalelength-1 . Depending on what type 
of situation one is looking at, any one of these may be the most applicable.
The distribution of inner slopes is plotted in Figure 3.20, with the four plots 
in order as they are described above. The outer slopes are plotted in Figure 3.21, 
again showing the four possible variations. A negative slope here indicates a falling 
rotation curve. Clearly the vast majority of rotation curves are very close to flat in 
the outer parts.
3 .4 .6  H ubble T ype and M orp hology
The Hubble Types and Morphologies are those quoted in the ESO catalogue from 
which the sample was initially chosen. The codes range from 0 to 10 for spiral 
galaxies (negative values indicate elliptical galaxies). 0 corresponds to SO to Sa, 3 
to Sb, 6 to Sc, 9 to Sd, 10 are irregulars galaxies, dwarf spirals, etc. The sample 
here covers a range from 3 to 9, with most galaxies appearing in the 3 and 6 bins. 
Nonetheless the photometry shows that the sample galaxies have very small bulges.
3 .4 .7  E ffects of In clin ation
Having derived the global photometric parameters, one would like to be certain that 
the galaxies at various inclinations are directly comparable. In Figure 3.22 the total 
luminosity is plotted against cos(i) and there is no significant trend. Similarly, the 
disc scalelength (Figure 3.23) and Diameter (Figure 3.24) show no trend with cos(i).
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Figure 3.20: Distribution of Inner Rotation Curve slopes.
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Figure 3.21: Distribution of Outer Rotation Curve slopes.
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Figure 3.22: Total luminosity as a function of the inclination for the 582 galaxies.
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Figure 3.23: Disc Scalelength as a function of the inclination.
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Figure 3.24: Disc Diameter (face-on) as a function of the inclination.
The parameters most likely to suffer from inclination effects are those based 
on the scaling of the surface brightness profile. Figure 3.25 shows the variation of 
CSB with cos(i), and there is a slight trend. However it reflects only a change of 
~  0.75 .mag across the full width of the sample, while the inherent dispersion is 
about 1.0 magnitude. A similar trend is seen in MSB (Figure 3.26). This trend is 
mostly due to the erroneous assumption that these disks are infinitely thin. The 
finite thickness of the disk leads to a non-zero path length through the disk, which 
increases as the inclination increases. This in turn leads to an apparent increase 
in the surface brightness. The Bulge/Disk ratio, being calculated from the surface 
brightness parameters, is similarly affected (Figure 3.27). An interesting point is 
that as Figure 3.23 shows essentially no variation in the scalelength with cos(i), it 
implies that, in general, the effective thickness of the disk does not vary substantially 
with radius.
3.5 V aria tions in  th e  T u lly -F ish e r  re la tio n
One can question whether the TF alone is the best distance indicator we can use, or 
if perhaps we can reduce the scatter, which is typically 0.3 mag. We also would like 
to know if the TF is curved, as suggested by e.g. Mould Han and Bothun (1989).
Ideally, to test the TF relation for third and further parameters, and its possible 
curvature, I would use a distance independent sample of galaxies, i.e. a cluster. 
Unfortunately, there are no clusters large enough in the sample to determine any 
statistical likelihoods. The largest cluster I have has only 23 galaxies and only 13
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Figure 3.25: Central Surface Brightness as a function of the inclination.
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Figure 3.26: Mean Surface Brightness as a function of the inclination.
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Figure 3.27: Bulge/Disk ratio as a function of the inclination.
have an inclination less than 75°. If I use the redshift corrected sample, I already 
impose a large scatter on the TF, even before I can calculate the residuals and 
determine any trends. Nonetheless, I will use the redshift corrected sample of all the 
available galaxies (582), binning the galaxies so as to reduce the inherent dispersion 
due to the local flow field. I examined using just the 13 galaxies of Antlia, yet the 
errors were far too large to draw any useful conclusions from them. The residuals 
were calculated from the observed minus expected magnitude. The redshift corrected 
sample, restricted to those galaxies with i < 75°had a TF fit of
Mobs = (-6.615 ±  0.047)(logy -  2) + (5.577 ± 0.011) (3.16)
The fits are plotted in Figure 3.28 through Figure 3.36. The numerical fits are not 
important, although they do give an estimate of the believability of the trends.
• Luminosity: slope=0.104 ± 0.050. This tests the curvature of the TF. There 
does appear to be a trend here, but the curvature is opposite that seen by 
Mould et al..
• CSB: slope=—0.081 ± 0.022. The scatter is large, but appears to be a real 
trend.
• MSB: slope=—0.012±0.048. No significant trend. The extreme values of MSB 
appear to lie off the line, but this is probably just due to low count statistics.
• Scalelength: slope= — 0.032 ±  0.014. Again, a slight trend.
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Figure 3.28: TF residuals against Total Luminosity.
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Figure 3.29: TF residuals against Central Surface Brightness.
• Diameter: slope=0.006 ±  0.003. A significant trend, just.
• Morphological type: slope=0.031 ± 0.015. This trend could be due to a vari­
ation in size and luminosity with Morphological Type, as we will see in the 
next section.
• Inner RC slope: slope=-0.0010 ± 0.0004. Appears to be a good trend.
• Outer RC slope: slope=0.003 ± 0.002. A very marginal trend.
• Bulge/Disk ratio: slope=—0.24 ±  0.11. A slight trend here as well.
From this, admittedly difficult, analysis it appears that there are variations in 
the TF with various global parameters. But none of these results seem to provide 
any chance of reducing the inherent scatter, as evidenced by the poor results from 
the Antlia cluster. The exponential disk nature of the sample galaxies appears to 
play a role in the TF, and so perhaps a better understanding of the origins of the 
TF will help to reduce the scatter. This type of analysis is far better served with a 
large sample of galaxies in a single cluster.
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Figure 3.30: TF residuals against Mean Surface Brightness.
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Figure 3.31: TF residuals against Scaleiength.
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Figure 3.32: TF residuals against'Diameter.
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Figure 3.33: TF residuals against Morphological Type.
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Figure 3.34: TF residuals against Inner RC slope.
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Figure 3.35: TF residuals against Outer RC slope.
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Figure 3.36: TF residuals against Bulge/Disk ratio.
3.6 In terre la tio n sh ip  o f  G lo b a l P a ra m eters .
Having used the TF to determine distances to all of the sample galaxies, I can now 
examine how the various global parameters correlate. The absolute magnitude of 
a galaxy is calculated directly from the TF (Equation 3.7) and converted to solar 
luminosities using M©(/, abs) = 4.02. Thus any correlations with Liot are also 
correlations with Vmax.
3 .6 .1  P h o to m e tr ic  p a ra m eters  
Ltot against C SB , M SB
Recalling that Ltot is directly calculated from Vmax, these correlations are totally 
distance-independent. The fit in Figure 3.37 is
log Ltot = (-0.26 ±0.01)CSB + (15.09 ± 0.26) (3.17)
The scatter here is predominantly due to variations in disc scalelengths. Essentially 
this is a reflection of the TF, and the exponential disk nature of these galaxies, thus 
I  = /oh2. Figure 3.38 plots MSB, where the fit is
MSBX= (-0.71 ±  0.03) log Ltotji- (28.72 ± 0.27). (3.18)
Again, this is a reflection of the TF and the exponential disk. Indeed, using the 
correlation found in Equation 3.14 and the above CSB correlation yields this fit.
Ltot against Scalelength , D iam eter
Figure 3.39 shows the trend of luminosity increasing with scalelength. The fit is
log Ltot = ( 1.61 ± 0.07) log h + (9.24 ±0.03) (3.19)
This is another plot in the /  = / q/i2 theme.
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Figure 3.37: Central Surface Brightness against the Total Luminosity. (X )
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Figure 3.38: Mean Surface Brightness against the Total Lum inosity .^)
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Figure 3.39: Total Luminosity^against Disc Scalelength.
A more interesting plot is in Figure 3.40 where the luminosity is plotted against 
diameter using the face-on corrected diameter. The fit is
log Ltot = (2.35 ± 0.07) log D0 A (7.09 A 0.08) (3.20)
and very tight (cr = 0.15 dex). The correlation is once again expected based on the 
exponential disk and the slope is close to the expected value of 2, yet the dispersion 
is surprisingly small. This is not due to the usage of the TF, since for example the 
Antlia cluster (Figure 3.41) has the same relation with identical slope
log 7^= (2.34 A 0.04) log Do A (5.31 ± 0.01) (3.21)
where is the observed luminosity and Do is in arcminutes. I will return to this 
result later.
C SB , M SB against Scalelength, D iam eter
In Figure 3.42 through Figure 3.45 I have plotted the following correlations and fits
CSB = (1.36 A 0.07) log/i A (19.49 ±0.03) cr = 0.93 (3.22)
MSB = (0.19 A 0.07)log/i + (21.71 A 0.03) <7 = 0.48 (3.23)
CSB = ( — 1.56 A 0.07) log Do +  (21.84 A 0.08) a = 0.91 (3.24)
MSB = (-1.10 A 0.07)logDo A (23.08 A 0.08) <j = 0.43 (3.25)
(The dispersions are quoted in magnitudes, divide by 2.5 to convert to dex.)
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Figure 3.40: Total Luminosity against Face-on Diameter.
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Figure 3.41: Total Luminosity against Face-on Diameter for the Antlia cluster.
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Figure 3.42: Central Surface Brightness against Scalelength.
Figure 3.43: Mean Surface Brightness against Scalelength.
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Figure 3.44: Central Surface Brightness against Face-on Diameter.
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Figure 3.45: Mean Surface Brightness against Face-on Diameter.
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Figure 3.46: Face-on Diameter against Scalelength.
The interesting result is that while there is a vague trend between CSB and h, 
and CSB and D0, in no case is it a strong correlation. The slopes for the (Ltot, CSB),
(Ltot, h ) and (£*0*, Do) relations are never within errors of the values expected from 
the exponential disk and the unexpected trends in (CSB, h) and (CSB, D0) appear 
to explain the numerical values of the slopes against Ltot. It appears probable that 
I am are cutting through (L tot, To, Do) space at odd angles, and it is not clear 
which parameters are the principal components here. There is a tight correlation 
between Ltot and I qIi 2 (Figure 3.17) with the expected slope of 1, and Ltot and Do, 
with the slightly odd slope of 2.35, not 2 as expected. Possibly the TF fits are all 
affected by some as yet unaccounted-for bias. This point will be returned to in a 
later chapter.
Finally, Figure 3.46 shows the correlation between Diameter and scalelength. 
The correlation is quite strong, with a fit
log Do = (0.81 dt 0.02) log h -  (0.58 ±  0.03) a = 0.11 (3.26)
Again, the trend is as expected for an isophotally-derived diameter and the scale- 
length of an exponential disk, but the slope is not quite 1. The scatter here is due 
to CSB, and possibly the loose correlation between CSB and h causes the slightly 
depressed slope.
3 .6 .2  M orphological param eters
Morphological classification of galaxies is quite a difficult process, especially as the 
inclination of galaxies increases. In this sample the galaxies are classified on a scale
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Morph, type
Figure 3.47: Morphological Type against Total Luminosity.
of 1 to 10. Unfortunately, the actual classification often tends to be even more 
discrete than that: Most of the galaxies here are type 3 or type 6, i.e. , Sb or Sc, 
with the rest distributed from 2 through 8. In the following figures I have binned 
the galaxies together and quote the error in the determination of the mean as the 
error bars on the mean (i.e. dispersion/sqrt(N)). It is important to remember that 
many galaxies have been lumped into the 3 and 6 groups and may belong up to a 
bin either side of these values. It is often noticeable that the error bars on the 3 and 
6 bins are ludicrously small. With that in mind, in Figure 3.47 through Figure 3.51 
the various trends are plotted. Again, although the numerical fits are not important, 
they give an estimate of the believeability of the trends.
• Luminosity: slope=—0.060T0.013. Earlier types are more luminous than later 
types.
• Central Surface Brightness: slope=0.100 ±  0.028. Earlier types have higher 
CSB.
• Mean Surface Brightness: slope=0.074 ±  0.013. Earlier types have a higher 
MSB.
• Scalelength: slope=0.053 ± 0.029. Earlier types have longer scalelengths 
(marginal).
• Diameter: slope= —0.865 ±0.181. Earlier types are larger.
3 .6 .3  K in em atica l Param eters
The kinematic parameters I have are the inner and outer slopes of the rotation 
curves. In the following I have only used the fit in units of km/s/kpc. As noted 
earlier, it has been suggested that the inner rotation curve slope is an indicator of
84
Morph, type
Figure 3.48: Morphological Type against Central Surface Brightness.
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Figure 3.49: Morphological Type against Mean Surface Brightness.
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Figure 3.50: Morphological Type against Scalelength.
85
30
Morph, type
Figure 3.51: Morphological Type against Face-on Diameter.
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Figure 3.52: Comparison of Inner slope against Outer slope.
the total luminosity (Rubin et a/., 1985), Hubble Type and central mass (Baiesi- 
Pillastrini, 1987) and can even be used as a distance indicator (Madore and Woods, 
1987, Woods, Madore and Fahlman, 1990). The outer slope (usually flat, as opposed 
to the expected decrease) is an indicator of the dark/luminous mass ratio in the 
galaxy (Persic and Salucci, 1988, 1990a-d, 1991a, b).
Figure 3.52 shows that there is no global correlation between the inner and outer 
slopes for the entire sample.
Inner Slopes
Figure 3.53 through Figure 3.58 plot the various trends between the inner slope and 
the other parameters.
• Luminosity: slope=31.5 ±  2.9. The inner slope becomes steeper in brighter 
galaxies.
• CSB: slope= —16.4 ± 1.5. The inner slope becomes steeper with brighter CSB. 
At a fixed M / L  value, CSB reflects the central density.
• MSB: slope=—33.4 ±  2.1. The inner slope steepens with brighter MSB.
8 6
150
100
Figure 3.53: Inner slope as a function of Total Luminosity.
Figure 3.54: Inner slope as a function of Central Surface Brightness.
• Scalelength: slope=1.95 ± 2.11. No significant trend.
• Diameter: slope=1.55 ± 0.24. The inner slope steepens in larger galaxies. This 
could be a reflection of the (Ltot, Do) relation, Equation 3.20.
• Morphological Type: slope=—3.91 ± 1.31. Earlier types have steeper inner 
slopes.
These strongly confirm the observations of Rubin et al., and Baieisi-Pillastrini. 
O u te r slopes
The outer slope is measured from 2.0 scalelengths to the edge of the rotation curve 
data. Figure 3.59 through Figure 3.64 plot the various trends between the outer 
slope and the other parameters. These trends tend to be less well determined, as 
the variation in outer slopes is quite small (Figure 3.21).
• Luminosity: slope=—6.25 ± 2.1. Fainter galaxies have a rising outer rotation 
curve.
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Figure 3.55: Inner slope as a function of Mean Surface Brightness.
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Figure 3.56: Inner slope as a function of Scaielength.
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Figure 3.57: Inner slope as a function of Diameter.
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Figure 3.58: Inner slope as a function of Morphological Type.
Figure 3.59: Outer slope as a function of Total Luminosity.
• CSB: slope=1.15±1.04. Marginal result. Low CSB galaxies have rising curves, 
high CSB galaxies are flatter.
• MSB: slope=5.11 ±  2.26. High MSB galaxies have flat rotation curves, lower 
MSB galaxies have rising rotation curves.
• Scalelength: slope=—2.30 ± 0.91. Shorter scalelength disks have rising outer 
rotation curves.
• Diameter: slope=0.30 ±  0.13. The outer slope is more positive in smaller 
galaxies.
• Morphological Type: slope=—0.37 ± 0.52. No significant trend.
If one describes galaxy rotation curves as having a rising part and turning over to 
a flat rotation curve regime at some radius, the above appears to imply that this 
turnover radius increases for smaller, fainter, less-dense galaxy disks.
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Figure 3.60: Outer slope as a function of Central Surface Brightness.
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Figure 3.61: Outer slope as a function of Mean Surface Brightness.
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Figure 3.62: Outer slope as a function of Scalelength.
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Figure 3.63: Outer slope as a function of Diameter.
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Figure 3.64: Outer slope as a function of Morphological Type.
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3.7  In  c lo sin g
It is quite clear that the various global parameters are strongly interrelated, though 
it is not totally clear which parameters or relations are the most fundamental. It 
appears that many of the correlations can be derived from the exponential disk 
( L tot = I o h 2 ) ,  however, the luminosity-diameter relation is far stronger than ex­
pected. In all these cases it is interesting to see that while the trend can be derived, 
the slopes are usually significantly different from the expected values. One problem 
may be that when plotting the correlations the effects of second parameters are not 
well understood, or perhaps there is even a dependence on galaxy colour. I have 
no data to test this, but it may be possible that the Luminosity correlations ideally 
require true total (bolometric) luminosities, rather than any particular passband. 
This may explain why the slope of the TF changes as a function of passband, and 
perhaps why some clusters appear to have quite different TFs, with slopes well away 
from the mean.
The Tully-Fisher relation also appears to be quite fundamental and while it 
appears to show second parameter effects, they are not strong enough to allow a 
correction to be calculated to reduce the inherent scatter. However, there is no 
evidence that the TF is curved, nor that there is a change in slope as a function of 
redshift. It is perhaps possible that if the curvature is shown to be real in H  its 
cause is a function of passband and is thus not visible in I.
The kinematics of the disk are strongly aware of the disk itself, ruling out a totally 
minimal disk model, i.e. where the halo totally determines the rotation curve, at 
least for the galaxies in this sample. This is shown by the behaviour in rotation 
curve slopes as a function of Luminosity, scalelength, etc.
In the next Chapters I will derive correlations between parameters not directly 
observable as here but, rather, inferred parameters such as the M /L  ratio and the 
halo parameters, and their respective trends with the observable parameters.
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C h ap ter  4
M a ss  m o d e ls
4.1  In tr o d u ctio n
Given the surface luminosity profile of a galaxy and assuming a constant M / L ratio 
with radius, one can derive the mass distribution and hence the potential due to the 
luminous matter. From the potential, and assuming circular orbits in an equilibrium 
configuration, one calculates the rotation curve from
(4.1)
Before the advent of reasonably powerful computers, researchers were limited 
in the detail with which they could use this approach. The difficulty lies in the 
calculation of the potential from the mass distribution. Schwarzschild (1954) used 9 
straight line segments to represent the luminosity profile of M31, then calculated the 
potential and rotation curve due to disks with each of the 9 model luminosity profiles. 
Summing these he arrived at quite a reasonable model for the overall rotation curve.
Unlike the solution for a spherical system, the conversion from mass distribution 
to potential in a disk system requires knowledge of the mass distribution at all radii, 
strictly speaking to infinity. A full calculation of an infinitely thin disk by Toomre 
(1963) led to
Jo(ku)ufj,(u)dudk (4.2)
involving the Bessel functions Jo and J\ and p(u) is the surface mass-density profile. 
Another approach, by Kalnajs (1965) using Fourier integrals showed that
rp(r) = eu p(u) = J A(p)expudp (4-3)
I roo
V 2(r) = V 2(u) = —  / B(p)eipudp (4.4)
2tt J —oo
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where u = ln r. The A(p),B(p) are related, providing essentially a convolution 
kernel.
In both approaches, the radial variable runs to infinity. Yet the problem I am 
faced with is that I am trying to calculate the potential at large radii, beyond the 
edge of the photometric data. Thus I have to make some assumption about the mass 
distribution at large radii.
Freeman (1970) showed that if the mass distribution at large radii followed the 
same exponential behaviour seen in the photometry at small radii one could analyt­
ically solve Equation 4.2, using p(r) = p0e~r/h, finding that
V 2(r) r
— —  = irGpo-(I0K 0 -  IXK X) (4.5)r h
where the modified Bessel function /  and K  are evaluated at r/2/i. While the 
decline of this rotation curve past the turnover was slower than Keplerian, (tending 
to Keplerian at large radii) it still strongly decreased past 2.15h (Freeman, Figure 
2), while observed rotation curves remained flat
This all neglects the lack of knowledge about the luminous material’s M/ L  ratio, 
which I will return to in the next chapter. However, the overall shape of the rotational 
support supplied by the luminous matter is determined by its distribution, not its 
total mass. The M / L provides only a scaling in amplitude. Given the above, I have 
studied two approaches to attempt to derive mass models for the sample galaxies.
4 .2  E x p o n en tia l D isk s, p lus b u lg es and  h a lo es
This decomposition approach works basically only with the rotation curve, using 
only a simple approximation to the photometry. In Section 3.4.11 derived luminosity 
decompositions for the bulge and disk contributions to the overall luminosity profiles, 
using an exponential disk and an r 1/4 profile for the bulge. An example bulge 
contribution to the rotation curve is shown in Figure 4.1. This is the expected 
velocity curve after deprojecting the apparent r 1/4 profile of a spherical bulge. It 
is worth noting the steep inner rise in the rotation curve. It turned out that this 
type of profile never fitted the observed inner rotation curve, unless one changed 
the bulge core-radius, from the decomposition value to unbelievably large values, 
rt > 15 kpc.
This failing could be due to one of two problems: a poor luminosity decom­
position of the bulge contribution, or the small bulges in this sample are badly 
represented by a spherical system with r 1/4 profile. The first possibility appears 
unlikely as the inverse approach (determining r*, from-the rotation curve rather than 
the luminosity profile) produced such unlikely values. At these values the bulge 
profile stretched to significantly contribute to the overall rotation curve across most
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Figure 4.1: An example rotation curve due to a spherical bulge with apparent r 1/4 
luminosity profile
of the disk. Thus the second option appears likelier: either these small bulges are 
not (i) spherical or (ii) have r 1/4 projected profiles, perhaps both. It is not clear 
which of these is the problem.
A further approach was tried. The disk decomposition appears to be quite 
reliable. Thus I can calculate its expected rotation curve from Equation 4.5. I scale 
this as high as possible, so that Vmax(ED) = V^a^obs). By subtracting this from 
the observed rotation curve, one gets a residual curve with two parts: an inner 
rise, then fall, due to the bulge, and an outer rising section due to the increasing 
halo contribution. Figure 4.2 shows an example, with the bulge rise from 0 to 20 
arcseconds, the bulge falloff from 20 to 75 arcseconds and the rise due to the halo 
out beyond 75 arcseconds.
Instead of the usual r 1/4 for the bulge, I now assume just a sphere of fixed mass 
and finite radius. Thus the falling part of the bulge residual must be Keplerian, 
v ~  y/r. If I have overestimated the disk contribution, the bulge decline will be 
too steep. Having found the largest disk contribution that yields a Keplerian falloff 
for the bulge, I can calculate the mass of the bulge. Treating the bulge then as 
effectively a sphere with radius determined by the peak in the residuals, I subtract 
off its contribution. The final residual is then due to the halo, which can be fitted 
jyith  the pseudo-isothermal sphere model of Equation 1.9.
Now I have almost certainly overestimated the bulge and disk contributions at 
the expense of the halo contribution. The exponential disk and halo rotation curves 
are thus combined and a new set of residuals is calculated, adjusting the amplitude
95
radius ,
Figure 4.2: An example rotation curve after subtracting the exponential disk con­
tribution.
of the exponential disk once again to produce a Keplerian bulge fallofF. This process 
is iterated until there is negligible change in the various parameters.
Unfortunately, in practice, this point was never reached; the fit failed to converge. 
This is mostly due to the repeated addition of the exponential disk and halo rotation 
curves. The latter kept increasing while the disk M / L decreased. There appeared 
to be no lower bound to the disk M /L  from this approach alone.
An inversion in the process produced slightly better results. If I assume that the 
asymptotic velocity of the halo (Equation (1.10)) is equal to the disk Vmax ( i.e. flat 
rotation curve to large radius), one thus makes the halo contribution depend on only 
one parameter, r c say. For a given scaling of the exponential disk amplitude, I find 
the value of rc which yields a Keplerian falloff for the bulge residual.
The problem now is to find which exponential disk scaling is the correct one. 
Figure 4.3 shows one example, for NGC 1832. (The choppy nature of the point 
distribution is due to the finite step size of the loops in the fitting program.) There 
are two indicators of the goodness of fit: the x 2 a.nd the correlation coefficient, r. 
These are plotted in the topmost and bottommost panels respectively, as a function 
of the exponential disk scaling (expressed as Umax(ED)). The observed Vmax of NGC 
1832 is 200 km s-1 , but above 160 km s-1 the exponential disk does not permit the 
Keplerian fallofF.
It is immediately obvious that the x2 falls to provide any constraint. The disk 
contribution is pushed to a minimum, and the halo has a very short core radius, 
rc = 0.8 kpc at Xmin- This is a very similar result to the previous approach. On
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Figure 4.3: The various best fits for NGC 1832, using the exponential disk and halo 
subtraction approach.
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the o ther, the correlation coefficient does show a peak, albeit a very broad one. If 
I take the exponential disk to be correct around the peak in r , it has a scaling of 
100 ±  1 5 k m s_1and r c =  2.25 ±  0.5 kpc, a not implausible result. Interestingly, the 
bulge mass is apparently well determ ined, varying only 15% across the full range of 
disk scalings. The mass for the “best” exponential disk is Mbuige =  (1.13 ±  0.02) x
Thus it is apparent th a t the decomposition using just the ro tation  curve with 
only model photom etric input is insufficient to produce a tightly constrained bulge 
plus disk plus halo model.
4 .3  T o o m re  and F reem an  th in  d isk  m o d e l
If I assum e th a t the M / L is constant with radius then the photom etric d a ta  can be 
directly substitu ted  into
and this is numerically integrated to find the expected ro tation  curve. I rew rite this 
as
and set M / L=1 to produce the initial ro ta tion  curve model. This model can then be 
scaled to  o ther M / L values at a later stage. The distance is calculated from the TF 
relation. The I  d a ta  are extinction and inclination corrected as noted in C hapter 2, 
then  spline interpolated onto a 0.2 arcsec. grid. This provides a large num ber of 
points over small features and reduces the errors in the numerical integration.
Care needs to  be taken when using Equation 4.7. The integral limits extend 
to  infinity, yet numerical integration out this far would not allow m any models to 
be calculated during the duration of this thesis. Thus I need to  determ ine the 
best values to  use as integral limits, both  in wavenumber and in radius. Also, the 
step sizes for the integrals need to be carefully chosen. The outer integral is over 
wavenum ber, and the zeroes in the oscillating Bessel functions occur every 2 or 3 
in the function argum ent, so to avoid any residual “ringing” I need to  have several 
points on the integrand between successive zeroes.
As an indication of this, I s ta rt with the simplest model, which can also be 
analytically checked, which is the exponential disk. In Figure 4.4 I have taken 
two exponential disks and coadded them  to produce a single luminosity profile. 
In tegrating  this produces the ro tation curve shown by the squares. The dotted  
line is the analytic result derived from the coaddition of these two disks, using 
Equation 4.5; the agreement is excellent.
1O1OM0 .
(4.6)
(4.7)
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Figure 4.4: The rotation curve due to coadding two exponential disks. The squares 
indicate the numerically integrated result, the dotted line the analytic result.
I now take a single exponential disk and either add or subtract a small “bump” 
into the luminosity profile. Figure 4.5 shows the results due to narrow features. The 
solid line shows the normal exponential disk, the dashed line shows the effect of 
subtracting some mass, the dotted line shows the effect of adding some mass. One 
can clearly see how a “shoulder” develops in the rotation curve due to features like 
these.
I then put a very sharp notch into the exponential disk luminosity profile and, 
using a very small stepsize in A;, I calculated the rotation curve for various values 
of kmax- There are actually 5 such curves in Figure 4.6 with A:max ranging from 
2.5 to 50. It was found that kmax > 1 5  was a good lower limit for the maximum 
wavenumber. Finally kmax = 20.0 was chosen.
Given a value for kmax I can now determine the best stepsize, weighing off the 
need for computational efficiency against the requirement that features in the lu­
minosity profile are accurately translated into the rotation curve model. Figure 4.7 
shows the effect of a strong notch in the exponential disk profile and varying the 
stepsize dk from 0.5 to 0.01. The larger values led to the wildly oscillating curves, 
while the smaller values led to more stable, repeatable curves. Only for the very 
smallest dk values do I get converging results. The final value chosen was dk = 0.02.
Thus, the largest step in the inner integral is (kmaxdu), and choosing du = 0.04 
makes the largest step = 0.8, well within successive zeroes of Jo- Having set kmax = 
20 and dk = 0.02, I then set the values for the outer integral. The upper limit 
determines the extent of the rotation curve based on the extent of the photometry.
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Figure 4.5: The rotation curves due to an exponential disk (solid line) plus (dotted 
line) or minus (dashed line) some small quantity of mass.
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"Figure 4.6: The rotation curves due to an exponential disk with a very sharp notch, 
and varying values of k m a x .
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Figure 4.7: The rotation curves due to an exponential disk with a very sharp notch, 
and varying values of dk.
As galaxy sizes can vary by factors of 10 or more, I have included a radial scaling 
factor which sets all galaxies to the same scale, making umax = rmax = 20.0. The 
largest step is then (rmaxdfc) = (umaxdfc) = 20 x 0.02 = 0.4, again well within 
successive zeroes of Jo and J\.
Yet these models are slightly misleading compared to real data. The model 
exponential disk used above was calculated to very large radii, well beyond where one 
could realistically expect our data to reach. In reality, the data is truncated at some 
isophotal value. The effect of various truncation brightnesses is shown in Figure 4.8. 
The solid line shows the full exponential disk analytic result. The last line to 
stray, around 70 arcseconds, is truncated at 28 mag/'arcsec2. The 2nd line, around 
50 arcseconds, is truncated at 26 mag/arcsec2, and the strongest deviating model, 
around 30 arcseconds, is truncated at 24 mag/arcsec2. I have only calculated the 
models to the radius where the photometric data stops and there is this “truncation 
rise” in the model rotation curve which increases as the data is cut back. Fortunately, 
the GASP data often reaches 25-26 mag/arcsec2where the resultant error due to the 
(admittedly harsh) truncation is still very small, well within observational errors.
A further problem is introduced by a vagary in the actual reduction program. In 
Figure 4.9 I have plotted the first pass model for 476-G10. In this galaxy, GASP had 
failed to fit an ellipse in the inner 2 arcseconds (4 pixels) of the centre. The spline 
fit to the luminosity profile went awry in this inner region, which led to a sharp 
ringing in the rotation curve modelling, even with the carefully chosen integration 
parameters. To solve this problem I need to provide some tie-down points in this
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Figure 4.8: The effect on the model rotation curve due to truncating an exponential 
disk at various isophotal levels.
inner region. To check that this process, of adding points, would not introduce 
systematic errors I have plotted three different techniques in Figure 4.10. The solid 
line shows a straight extrapolation from the first two data points back into the 
centre. I can also “flat-top” the data, i.e. make the central values equal to the first 
measured point. This is shown by the dashed line. As a test of the robustness I also 
over-extrapolated the central values, giving the inner points values well above that 
of the straight extrapolation. This produced the dash-dot line. It is quite apparent 
that the method used barely affects the final model, but it certainly removes the 
problem very effectively. I used a straight extrapolation to produce at least one 
point within a pixel (0.56 arcsec.) of the centre.
Another question to ask regards the use of the GASP photometry results. The 
fits to the two dimensional data allowed both the ellipticity and position angle of 
the fitted ellipse to vary as a function of radius. A more correct approach would 
be to determine “appropriate” values for both the p.a. and ellipticity and refit the 
galaxy keeping these numbers fixed. Ideally, I could measure the light distribution 
in the same area as the rotation curve, i.e. along the major axis.
The fixed p.a./ellipticity improvement can be argued against by the observation 
that the p.a. and ellipticity do not vary a great deal in the outer parts of the disk. 
In the innermost region, with fewer points to fit, the isophotes become more circular 
and hence the error in the determination of the p.a. increases accordingly. It is not 
clear that taking fixed p.a. and ellipticity values would improve the results.
In addition to this, and as a point on the raw major axis idea, in Figure 4.11 I
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Figure 4.9: The effect on the model rotation curve due to a hole in the central data 
in 476-G10.
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-Figure 4.10: The effect of various correction techniques for a hole in the central data 
of 476-G10. Inset shows central region.
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Figure 4.11: A comparison of the GASP profile (dashed line) and a raw major axis 
slice through the photometric data.
have plotted the GASP profile (dashed line, reflected about x = 0) on top of the ac­
tual major axis luminosity profile, determined by putting a slit digitally on the raw 
CCD data. The overall agreement is very good. There is a strong feature distorting 
the profile on one side (a background galaxy). There is a slight asymmetry in the 
raw data, which of course the single GASP profile smooths away. This asymmetry 
may be useful for later analysis, but as a first order approximation the GASP profile 
is an excellent fit. It also provides a major improvement in the S / N  at the low 
luminosity levels at large radii, which may be possibly fixed in the raw major axis 
measurement by “opening” the digital slit further (here it is set to about 5 arcsec- 
onds) and reducing the spatial resolution of the data (here the data is measured in 
1 arcsecond bins). However, because of the results here I have only used the GASP 
fits to determine the results presented in the next chapters.
4 .4  F la t R o ta t io n  C u rves and  M issin g  L ight
Binney (1986) raised an interesting point: when we determine the sky brightness 
around a galaxy we are making, by construction, the galaxy contribution there 
equal to zero. What would happen if there were some faint halo around galaxies, 
which we subtract away? Figure 4.12 shows the rotation curve derived by coadding 
two exponential disks. One has CSB = 100L©/pc2 and a scalelength of 10 arcsec., 
the other has CSB = 10Lq / pc2 and h=100 arcsec. The dots show the rotation curve 
from the direct integration of the luminosity profile, the solid line shows the expected
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Figure 4.12: A rotation curve generated by adding two exponential disks.
analytic result. The difference is due to the truncation of the extended disk at only 
3 scalelengths.
One can see that this model produces a flat rotation curve for around 30 scale- 
lengths 'of the brighter disk. Currently the most extensive disk observed is that of 
DD0154 (Carignan and Freeman, 1988) which reached 15 scalelengths. It is also 
interesting that the shape of the rotation curve of the extended disk is very similar 
to that of the pseudo-isothermal halo of Equation (1.11), except that at larger radii 
this curve will decline again.
So it is possible to make very long and flat rotation curves just by using two 
exponential disks. Would we see this second disk photometrically? Figure 4.13 shows 
the luminosity profile that led to the above rotation curve. The left panel shows 
the entire model, which extends to nearly 27mag/arcsec2. The right panel shows 
the profile down to only 24.2mag/arcsec2. In our observations we usually reach this 
level comfortably. It is clear that if we had cut the profile at 23.5 mag/arcsec2 (45 
arcseconds) we would never have seen the extended disk. With these parameters I 
have constructed a very extended, flat rotation curve, due to a luminosity profile 
which has a detectable shift away from a single exponential at low luminosities. It is 
thus quite possible to produce a model with a flat rotation curve, perhaps “only” 10 
scalelengths long, using an extended disk that under ordinary observing conditions 
jye would not detect.
There are examples of galaxies with extended, luminous but very faint haloes, 
e.g. Kemp and Meaburn (1991a, b) detected emission from two systems of interacting 
galaocies that extended to very large radii, by the coaddition of 8 sky-limited Schmidt
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Figure 4.13: The two exponential disk luminosity profile which generates the previ­
ous rotation curve.
plates. This approach has not been tried on any large sample of normal, non­
interacting galaxies, but it would clearly be a very interesting line of research. There 
is evidence, as discussed in Chapter 1, that flat rotation curves are not due to a disk 
potential very similar to the bright central disk, but is rather closer to spherical, 
however the above argument would still apply.
4.5 M issing L ight and  D ust
It has been suggested that galaxies are quite dusty (e.g. Davies, 1990) or even very 
dusty (Valentijn, 1990), and that this dust would obscure a significant fraction of 
the galactic light. This in turn would lead to an apparent discrepancy between 
the observed and expected rotation curves. An interesting way to investigate this 
hypothesis was indirectly suggested by Davies (1990) and Yong (1992). If galaxies 
have a large quantity of dust, the depth at which the rotation curve is actually 
observed will vary as a function of the inclination. One can imagine that in a very 
dusty system, seen edge-on, the rotation curve determination would only measure 
the points around the edge of the disk, leading to a “bicycle-wheel” rotation curve, 
x.e. apparent solid body rotation at all radii. If, on the other hand, galaxies are 
totally free of dust, then even edge-on galaxies can be observed right into the centre, 
and we should see the same distribution of rotation curve shapes that we see at all 
other inclinations.
One way to quantify the rotation curve shape is to look at the value of the
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Figure 4.14: The variation in mean inner rotation curve slope as a function of the 
inclination.
inner rotation curve slope. Recall that the outer slope is always very close to zero 
(Figure 3.21), so large values for the inner slope indicate a rotation curve with a 
more step-like shape, while lower values imply more shallow shapes, tending towards 
solid-body-like curves.
There is a wide continuum of slope values across the sample. I can determine 
a mean slope for a given inclination, and plot this against the inclination. This is 
done in Figure 4.14. The lower panel shows the variation in the mean slope (and la 
error in the mean) as a function of cos(i). Up to about 70°-75° there is very little 
variation. Above 75° there is a gradual change in the mean, decreasing by about 
45% for edge-on galaxies. This appears to be a clear signature of the effects of dust.
Without modelling, it is impossible to quantify the amount of dust required 
for this change. However, I can make an empirical observation. The top panel 
in Figure 4.14 shows the same mean, with the error bars now indicating the lcr 
^dispersion about the mean in that bin. The point to note is that while there is a 
change in the mean slope for edge-on galaxies, there are still a significant number 
of galaxies with very steep inner slopes at high inclinations. These could only be 
seen if the galaxies are relatively transparent. Thus there is evidence that galaxies
107
are somewhat dusty, but certainly not opaque. Since this effect appears to only 
become strong above 75 degrees, I can draw two further conclusions: (i) restricting 
the sample to i < 75° is a wise move, and (ii) due to the finite thickness of the 
disk, the sudden change appears to imply that the dust is concentrated towards the 
centre of the disk.
4.6  In c lo sin g
The numerical integration program to calculate the results of Equation 4.7 works 
in two parts. The first reads the surface luminosity profile, correcting for extinction 
in the source and in our Galaxy, as well as deprojecting it face-on. It is then 
spline interpolated onto a 0.2 arcsecond grid. The second program actually does the 
integration. A major speed-up was found by noting that the inner integral needs 
to be calculated for every step in the outer integral but is entirely independent of 
it. Thus we first tabulate the inner integral as a function of k and then do a table 
lookup in the calculation of the outer integral. This led to a speed-up of nearly a 
factor of 10.
All galaxies with ORC data were run, approximately 900 models. Each model 
took around 10-15 minutes of CPU time on a DEC MicroVAX II. A test of this 
program on a SUN Sparc 1+ which arrived after the models had been run, led to a 
factor of > 5 speed increase.
Only galaxies with i < 75° are studied in the following chapters. A sample 
subset of the models, including all inclinations, is shown in Figure 4.15, the radii 
are quoted in arcseconds. These models explicitly have M/ L=l .  It is interesting 
to see the variety of shapes and slopes, as well as the presence or absence of small 
scale features. Also, quite a few models show an extended flat region. The models 
are cut off at the edge of the available photometry. The next chapter discusses the 
fitting of these models to the observed rotation curves.
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Figure 4.15: A sample of models calculated from the photometric data using the 
Toomre thin-disk solution.
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C h ap ter  5
D eriv ing  th e  M ass to  L ight 
ra tio
In this Chapter I will examine a variety of model fitting approaches for determining 
the luminous M/L.  The general idea is outlined in Figure 5.1; the solid boxes 
indicate the endpoints. I start with just the disk model. Then the disk model is 
combined with a totally free halo, i.e. no restriction at all on the halo parameters. 
The next model then uses a free disk plus a constrained halo, where the halo’s 
asymptotic velocity is forced to match the optically determined maximum of the 
rotation curve. This can actually yield two choices for the disk M/ L.  In the first 
case I select the absolute best minimum, as before, but in the second case I bias the 
choice so that the disk will almost always make some non-zero contribution to the 
total rotation curve.
Finally, I examine the results from the more common approach, the “Strict Max­
imum Disk”, where the disk contributes as much as is allowed, fitting essentially all 
of the inner rotation curve, and leaving the halo to fit the residuals in the outer 
regions. In the next Chapter I combine this fit with both a free halo, and a con­
strained halo. As a test, I also consider the use of swing-amplification theory to 
restrict the disk M/ L  ratio for a strong two-armed spiral galaxy.
The model rotation curves can now be fitted to the data. I want to establish two 
things. The first is the M/ L  value of the luminous material, the second is whether 
I can detect the effects of the halo. If these galaxies are very close to exponential 
disk then the model rotation curves will exhibit a turnover at 2.15 scalelengths. In 
Figure 5.2 I have plotted the distribution of the extent of the observed rotation 
curves in scalelengths. It is encouraging at this stage to see that the vast majority 
of sample galaxies extend beyond 2.5 scalelengths, most reaching 3.5 scalelengths 
and beyond.
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Figure 5.1: A general outline of the various model-fitting approaches used in this 
Chapter
Number of Scalelengths
'"Figure 5.2: The distribution of average extent of the sample rotation curves, in 
scalelengths
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5.1 F itting  Disk m odel alone
As the first approach, I fitted just the model rotation curve to the data. This fit is 
sensitive to errors in the systemic velocity of the galaxy, as well as in the position 
of the galactic nucleus (z.e. the rotation curve crossover point). The model rotation 
curve, with M / L =l ,  is scaled up and down to find the minimum \ 2 residual, fitting 
the red and blue ends of the data separately. The resulting two M I L  values are 
compared and if they fail to agree to within AM/X=0.05 the systemic velocity of 
the galaxy is adjusted in the appropriate direction and the fit repeated. This iterative 
technique was sensitive to 1 km s-1 adjustments , in Vsys. Having determined the best 
Vsys and apparent M/X, the spatial positioning of the data was adjusted to minimise 
the residuals there. Having then established the best galaxy centre position as well 
as Vsy3, the data was refitted to determine the best M/L.
The final best fits of the 582 sample galaxies are shown in Appendix A. Upon 
inspection, several features become evident. There is a very large range of shapes 
of rotation curves in the sample, and the quality of the fits ranges from excellent 
to very poor. The nature of the fit is such that the outer flat part of the observed 
rotation curve provides the main constraint to the fit. Hence the model rotation 
curve in this fit is always pushed to the maximum value. The models thus usually 
fit the outer data quite well, and it is the inner region which displays the “quality” 
of the fit.
The excellent fits can be classified into groups. Galaxies such as 103-G13, 336- 
G13 and 352-G27 fit small scale, local features very well. Other galaxies, like 305- 
G6 and 320-G26 show a very steep inner gradient that is well matched by the 
model. In some cases this inner section only extends a few arcseconds. This fit is 
quite surprising as steep inner slopes are usually taken as an indication of massive 
spheroidal bulges. The modelling here has assumed that all of the light and mass 
is in a thin disk. Thus the small bulges we have in the sample are treated like a 
density enhancement in the disk. The quality of the fit to these galaxies indicates 
perhaps that these small bulges are closer to flat than spheroidal.
The poor fits, of which there are plenty of examples, typically show that the inner 
slope of the data is shallower than the model slope. There are also a few examples 
where the model and the data disagree very strongly. It is not clear if these are due 
to misidentifications in the survey; this is being investigated at time of writing.
Between these groups lie the majority of galaxies with “adequate” fits of varying 
degrees of quality.
112
Calculating the quality of the fit
The usual quantification of the “goodness-of-fit” is the y2 statistic. In the case 
of the models here, with the M /L  values derived above, the y2 is inappropriate. 
The typical badly fitting curve has the model overestimating the data in the inner 
parts, and possibly underestimating the data in the outer parts. To calculate the 
discrepancy, 77, systematically I have divided the rotation curve into 2 regions: 0-2 
scalelengths and 2 scalelengths to the edge. I then calculated a mean discrepancy 
(observed minus expected) over all the points within each region.
To identify the direction of the discrepancy, i.e. does the model exceed the data 
or vice-versa, I calculated the discrepancy using both the absolute difference as well 
as the signed difference. A positive r] calculated the second way then indicates the 
data exceeding the model.
This yields four indicators of the goodness-of-fit. A further problem is intro­
duced if one compares two galaxies with identical shapes, and identical misfit, but 
with a different Vmax. Do these galaxies have the same degree of misfit or not? Thus 
the discrepancy is quoted both in units of km s-1 and as a percentage of Vmax
Variations in 77 with global parameters.
In Figure 5.3 the variation in 77 against Vmax is plotted. 77! is the absolute inner 
discrepancy, 772 is the signed inner discrepancy. 773 and 774 are the absolute and signed 
outer discrepancies respectively. The left column is the simple mean discrepancy 
in km s-1 , the right column shows the Vmax normalised discrepancy quoted as a 
percentage.
The example of Figure 5.3 shows up the problem in comparing the normalised and 
unnormalised discrepancies. Is, for example, an 8 kms-1 discrepancy in a Vmax =  
100km s-1 galaxy better than a 16km s-1 discrepancy in a Vmax = 300km s-1 
galaxy? The problem appears to stem from the steeper rotation curves. The high 
linewidth (and hence high luminosity) galaxies typically have steeper inner slopes. 
Any slightly discrepant points offset spatially from the rotation curve produce a 
greater discrepancy than a similarly offset point in a low linewidth galaxy. Thus I 
would argue that the unnormalised discrepancy is misleading, and any parameters 
which correlate with Vmax will be similarly misled.
The normalised discrepancy in the right column is far better. Indeed, an eye­
ball classification of the. fits into good/adequate/bad fits agreed very well with the 
normalised discrepancies.
The trend here is that high linewidth galaxies are fitted much better in the inner 
parts than low linewidth galaxies (771, Figure 5.3) and, although it is somewhat noisy, 
the model tends to exceed the data more and more as one goes to lower linewidths
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Figure 5.3: The discrepancy, rj plotted against Vmax
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( 7 7 2 ) -  In the outer parts the fit is also getting worse for low linewidth galaxies (773) 
with the data exceeding the model to greater extents at lower linewidths (774). This is 
a reflection of low linewidth galaxies having outer rising curves, while high linewidth 
galaxies are flatter.
The same trends are by definition true for the luminosity, calculated from the 
Tully-Fisher relation. Figure 5.4 shows that the fits gets worse for low luminosity 
galaxies.
In Figure 5.5 the trends with CSB are plotted. The fit in the inner and outer 
regions gets worse for low CSB galaxies. Figure 5.6 shows that the fit for short 
scalelength galaxies is slightly worse than for longer scalelength galaxies. There is 
a very slight trend with Morphological Type (Figure 5.7) with later types having 
worse fits. Finally, in Figure 5.8, the trend with diameter is plotted; the fits become 
worse in smaller galaxies.
If one were to presuppose the existence of the trend with luminosity, say, the 
above trends are all internally consistent with the correlations found in Chapter 3.
Thus, without making any assumptions about the existence or otherwise of dark 
matter, there are clear trends emerging already. Small, faint, less dense systems 
are badly fitted with model rotation curves. Larger, brighter and denser systems 
are fitted much better, in a few cases extremely well. One is thus led to conclude 
that these smaller systems suffer more from the effects of either (i) dark matter, 
(ii) errors in our assumption of Newtonian Mechanics or (iii) non-circular motions 
dominating across up to 2 scalelengths of the disk. While non-circular motions have 
been seen around the nuclei of some galaxies, like the Sombrero and Andromeda, 
high resolution Hj  observations appear to always show circular motions dominating 
across the disk. I would thus rule out the third option, though I am unable to 
distinguish between the first and second options.
Are these trends due to the variations in seeing? The data for the optical rotation 
curves and the ICCD images were not neccessarily taken on the same night, so the 
observing conditions for one could be quite different to the other. I would argue 
against seeing as an explanation though. Firstly, there are clear systematic trends 
in 77 with distance-dependent parameters such as Luminosity and Diameter. Seeing 
problems would produce a random error, not a systematic trend. Also, 77 is measured 
over 2 scalelengths each side of the nucleus, typically 1 0 ’s of arcseconds, while the 
seeing was usually around 1 to 2 arcseconds. Furthermore, many galaxies have 
steep inner gradients and many show small scale, local features which are often 
fitted extremely well by the models, even though the features are only around 5 
arcseconds across. This is not to say that seeing does not have some effect on the 
quality of the fits, but it is difficult to see it producing anything more than random 
scatter of fairly limited extent.
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Figure 5.4: The discrepancy, 77 plotted against Luminosity
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Figure 5.5: The discrepancy, 77 plotted against CSB
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Figure 5.6: The discrepancy, 77 plotted against Scalelength
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Figure 5.7: The discrepancy, 77 plotted against Morphological Type
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Figure 5.8: The discrepancy, 77 plotted against Diameter
120
(7= 1.53 + / -  0.07
7 =  4 .73  + / -  0.07
A= 141.9 + / -  7.4
X =  37.39  
y2/V =  4.67
1=A.e
M/L (fu ll)(X )
Figure 5.9: The distribution of (M / L ) j ull values
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I have now determined a value for the galactic M / L , based purely on the best fit to 
the data.- Keeping in mind the trends from above, that smaller, fainter galaxies are 
badly fitted, it is interesting to examine the trends in (M / L ) j ull against the various 
galaxian parameters.
Figure 5.9 shows the distribution of (M / L ) j ull values, and it is surprisingly 
narrow. The Gaussian fit to the histogram finds the centre=4.73 ±  0.07, and 
a = 1.53 ±  0.07. The tail towards higher M / L  values is probably due to the pho­
tometric errors at high inclinations. Figure 5.10 shows the behaviour in ( M/ L) jull 
against the inclination and there is a trend of increasing M/ L  with inclination. All 
(M / L ) f uil > 8 fits have inclinations above about 60°.
There is no trend in (M / L ) j ull with luminosity (Figure 5.11) or morphological 
type (Figure 5.12). There appears to be only a slight trend with diameter (Fig­
ure 5.13), barely significant, with (M / L ) j ull increasing with diameter.
On the other hand, there appears to be correlation in ( M / L ) j ull with CSB 
(Figure 5.14) and scalelength (Figure 5.15). The fit to the scalelength trend is 
skewed due to some odd long scalelength points.
If one looks at the CSB trend, the points show a conical distribution, widening 
towards low CSB galaxies. It could be argued that this widening is a reflection of the 
trend in misfit 77 with CSB, seen in Figure 5.5. Thus as one goes to lower CSB one 
is perhaps more likely to overestimate the M /T, turning what might be a constant 
trend into an artificially rising one. A similar argument would apply to the trend
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Figure 5.10: (M / L ) j ull against inclination
Figure 5.11: (M / L ) j ull against Luminosity
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124
with scalelength.
However, there is no correlation with luminosity (and by construction linewidth) 
where the above argument would imply one. This suggests that the trends with CSB 
and scalelength are real, although the equation of the correlation is very probably 
incorrect since I am using “dubious” values for M /L  for the fainter galaxies.
5.2 B est fitting m odel—plus—halo
I have shown that the disk model alone does not provide a good fit to the observed 
rotation curves for the smaller, fainter galaxies. If one now assumes the existence of 
a pseudo-isothermal halo, of the form described by Equation (1.11), I can then com­
bine the disk model rotation curve with the halo rotation curve of Equation (1.12).
I thus have a 3 parameter fit, M / i ,  po and rc. In this section I have not constrained 
the asymptotic velocity of the halo to match the observed maximum rotation ve­
locity, even though the large galaxies I have observed at Parkes (Chapter 2) show 
that rotation curves remain flat out to very large radii. This allows me to see what 
the real best fit is and how it compares to the more constrained models, such as the 
Strict-Maximum-Disk.
To simplify the fitting procedure, I defined a variable MLprop by which the 
(M /L ) jull was scaled. Thus MLprop took values between 0.0 and 1.0. I stepped 
in 0.025 steps in MLprop and for each step looped over values for po and rc. The 
halo parameters were only constrained to po < O.lMg/pc3 and rc < 40kpc, both of 
which were expected to be exceedingly generous limits. For each value of MLprop, 
the halo (in sum with the disk model) providing the best fit to the observed rotation 
curve was recorded.
In Figure 5.16 I have plotted some of these models. The leftmost panel for each 
galaxy shows the original full fit from the previous section. The rightmost panel 
shows the reduced \ 2 for the best combined disk model plus halo fit as a function 
of MLprop. The lowest x2 value thus indicated the best values for MLprop, po and 
rc. The resulting fit is shown in the middle panel. The dotted line shows the halo 
rotation curve, the dashed line shows the disk model scaled to its new value of 
(M / L ) hj , and the solid line shows the sum of the two.
The rightmost panel shows the problem with this approach. The shape of the 
MLprop/ x 2 curve is quite varied, and the choice of the minimum is not always 
obvious or well constrained. In some cases the curve rises almost immediately, in 
others it slowly decreases then turns around. Sometimes there is more than one 
minimum. Worst of all, in some galaxies there is no minimum until the very last 
point is reached, i.e. MLprop= 0.
This problem is due to the halo rotation curve being quite a flexible shape, and
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Figure 5.16: A sample of models fitted using the MLprop approach: totally free disk 
and halo parameters
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Figure 5.17: Distribution of MLprop values
it sometimes provides a very good fit to the observed rotation curve by itself. This 
unfortunately happens often, as Figure 5.17 shows where the distribution of MLprop 
values is plotted. The bin with MLprop= 0 is clearly higher than would be expected 
from the shape of the general distribution. On the other hand, there are galaxies 
which are fitted by just the disk model with no halo at all, i.e. MLprop—1.0.
It is interesting to compare MLprop with the discrepancies calculated from the 
full disk fit above. Recall that the inner sections of the rotation curve were often 
exceeded by the model; one would expect the disk model to be strongly pushed 
down. This is exactly what is seen in Figure 5.18. The galaxies with large values of 
771 and strongly negative values of t/2 have small values of MLprop. However, in the 
outer parts, Figure 5.18 shows that large values of 773 and 774 imply smaller values of 
MLprop. This will clearly make the discrepancy in the outer parts even larger.
Hence one sees that if the best-fit approach is even at least broadly correct, the 
discrepancy between expected and observed rotation curves is even greater for the 
smaller, fainter galaxies than was implied by the previous section.
Trends in (*£)
In Figure 5.19 I have plotted the distribution of ( M/ L)f,f values. The centre has now 
moved to 1.85 ±  0.18 and it has widened to a — 2.07 ± 0.17. A significant fraction 
-of this width, in particular the lowest M / L bin, is due to the tendency of the disk 
to be effectively irrelevant, i.e. MLprop= 0.0.
In Figure 5.20 through Figure 5.24 I have plotted (M/Z)&/ against the various
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Figure 5.18: Correlation between the discrepancies 77 and MLprop (fin)
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Figure 5.19: Distribution of ( 77) ^
582 galaxies Slope Intercept x2 r
Ltot 0.84 ± 0.16 -5.79 ± 1.58 2.60 0.16 1.74
CSB 0.32 ± 0.07 -3.83 ± 1.29 1.85 0.10 1.76
Scalelength 0.40 db 0.07 1.46 ± 0.17 1.90 0.23 1.72
Diameter 0.06 ± 0.01 1.45 ± 0.19 3.06 0.21 1.73
Morph. Type -0.05 ± 0.05 2.71 ± 0.23 0.99 0.00 1.78
Table 5.1: Fits for (M/L)bf  against galaxian parameters
galaxian parameters. The fits to these, quoted in Table 5.1, are done by binning 
the points onto the x-axis, calculating the mean and error in the mean for each bin, 
then fitting a straight line to these points. This reduces the effects of odd outliers, 
and produces a more realistic estimate of the errors. The x~ is the value for the 
binned fit, r is the correlation coefficient of the fit to the unbinned points and cry is 
the dispersion in (M/L)bf  of the unbinned fit.
One would not consider these to be strong correlations. This is probably due to 
one of two things: either there is no real correlation between these parameters or 
the determination of MLprop is too uncertain.
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Figure 5.21: (M/L)bf  against CSB
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Figure 5.23: (M/L)bf  against Diameter
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5.3 B e s t  f itt in g  d is k -p lu s -c o n s tr a in e d -h a lo  (I)
In the previous section I examined models where the halo was allowed to take on 
essentially any values to provide the best fit. This often led to the halo fitting the 
data by itself.
Hi  studies, for example my observations of the large nearby galaxies, have shown 
that rotation curves remain flat to very large radii. If one sees a flat rotation 
curve in the optical data then one could assume that the asymptotic velocity of the 
halo is given by the observed Vmax of the rotation curve. This constrains the halo 
parameters via Equation (1.10). In the spirit of the previous section, I have taken a 
variable, MLvprop 6 [0.0,1.0] and, for each value of MLvprop in this range, looped 
over rc and calculated the implied po- The best disk-plus-halo model and its x 2 is 
recorded for each value of MLvprop. As before, the lowest x2 is chosen as the best 
fit. Some of these fits are plotted in Figure 5.25.
As a first approach, Twill discuss the results based only on the “best” overall 
fit, i.e. lowest x2- Figure 5.26 shows the distribution of MLvprop values and, un­
like the MLprop distribution, there is a central minimum and two peaks, around 
MLvprop ~  0.0 and 1.0. The shape of the distribution can be explained by exam­
ining the MLvprop/x2 curves. A significant number show two very strong minima 
instead of just one. There is a finite, non-zero probability for either minimum to 
be deeper. Hence these sample galaxies are split into two groups effectively. I will 
return to this feature in the next section.
It should also be noted that there are a very large number of galaxies with
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Figure 5.25: A sample of models fitted using the MLvprop approach: totally free 
disk and constrained halo parameters
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MLvprop
Figure 5.26: Distribution of MLvprop values
MLvprop ~  0.0, even more than the unconstrained model of MLprop. This, of 
course, leads to a strong clustering of luminous (M / L)v values towards zero, as 
seen in Figure 5.27. With the exception of the first bin, the distribution is almost 
Gaussian. The first bin has around 290 galaxies. The relationship between MLvprop 
and the discrepancy is also much weaker (Figure 5.28).
There is a loose correlation between MLprop and MLvprop, as shown in Fig­
ure 5.29. It is interesting, and disappointing, to see a large number of galaxies with 
large Mlprop values, close to 1.0, but with very small values of MLvprop. One gets 
the impression that constraining the halo to have = Vmax and choosing the 
absolute best fit has made things worse.
T rends in (77)
Figures 5.30-5.34 show the trend in ( M/ L)v with galaxian parameter, and the fits 
are summarised in Table 5.2. Clearly the clustering of (M/ L ) v values towards zero 
strongly affects these correlations. The dispersions are much larger than the equiv­
alent MLprop trends.
5.4 B est fitting disk—plus-constrained—halo (II)
,w\s noted in the previous section, the MLvprop/ x 2 curves, for example, in Figure 5.25 
show an interesting feature. A significant number of curves exhibit a “sideways-s” 
shape. That is, there is a first minimum around high values of MLvprop, then a
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582 galaxies Slope Intercept x 2 r
L t o t 0.36 ± 0.21 -1.64 ± 2.01 1.73 0.05 2.20
CSB 0.52 ± 0.07 -8.39 ± 1.43 1.47 0.16 2.17
Scalelength 0.36 ± 0.09 0.98 ± 0.21 1.98 0.17 2.17
Diameter 0.05 ± 0.02 1.18 ± 0.24 1.77 0.11 2.19
Morph. Type 0.06 ± 0.06 1.64 ± 0.30 0.92 0.07 2.18
Table 5.2: Fits for ( M / L)v against galaxian parameters
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Figure 5.28: MLvprop plotted against the discrepancy, 77
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Figure 5.29: MLprop against MLvprop
Figure 5.30: (M /L )v against Ltot
137
M
A
(v
) 
co
 
M
/L
 (
v)
 
JZ
T
10
* H .  '* •  ,  * ' f / * *  —i f  •* » ' / * « •
« , » * y A , fc A i <  J w l r  g A - V * » « i i i «> 1 ^ '»  * < « . .  t «*f» /  | .
CSB
Figure 5.31: (M/ L)v against CSB
*. : A*>
„  • • •  L *  V
S ca le len g th
Figure 5.32: (M/ L)v against Scalelength
138
M
/L
 (
v)
 -
E
 
M
/L
 (
v)
10
• •  .*  * *% • . •• • ..V.V
'•  ,* t •• •• • ••• • • • ; * ,  ••• *.•••' • . * '••••
20 30
/ Diameter
Figure 5.33: (M / L ) v against Diameter
2 4 6 8
Morph. Type
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strong rise, and finally another decrease to a second minimum. This two minima 
shape is quite different from those seen in the MLprop curves of Figure 5.16, where 
multiple minima are usually very shallow and indistinct.
In these galaxies, it appears that the disk plus halo produce a good fit once, and 
then progressively worse fits, until the disk is almost negligible and the halo once 
again contrives to fit the entire rotation curve. The two minima often have quite 
similar values, but the MLvprop^ 0 minima is usually slightly deeper.
This suggests that perhaps I should not blindly have used just the lowest x 2 
value but, where appropriate, the more realistic MLvprop value, where the disk still 
contributes significantly, should be used.
I thus needed some (preferably automated) technique to choose an “appropri­
ate” minimum, rather than just the “absolute” minimum. To do this I refined the 
minimum searching technique to remove shallow, local minima, often seen around 
MLvprop^ 0.0. A minimum was defined by at least 7 points, 3 consecutively de­
creasing, followed by the minimum and 3 consecutively rising points. This greatly 
reduced the number of minima detected. The only minima not found by this ap­
proach were those within 3 points of the range edge, i.e. 0 and 1. These minima were 
included as being acceptable. Then, rather than choosing the deepest minimum, the 
highest-MLvprop minimum was chosen. This appeared to be a valid approach as 
the MLvprop curves never exhibited more than 2 minima detected by this approach; 
one was at a “reasonable” value of MLvprop, the other usually close to 0. If one is 
to believe that the luminous disk contributes something non-negligible to the disk 
dynamics then the higher MLvprop must be the appropriate one. This is effectively 
a compensatory bias to the trend for the halo to fit the entire data set by itself.
The resulting MLvprop2 distribution is shown in Figure 5.35. There is a clear 
reduction in the number of galaxies around zero, to the gain of the higher MLvprop2 
bins around 0.8-1.0. The implied (M /  L ) v 2 distribution is shown in Figure 5.36. 
Clearly the first bin still has too many galaxies compared to the rest of the distri­
bution, but it appears to be an improvement over the MLvprop approach.
Figure 5.37 shows the trend of MLvprop2 against 77, and the trends are stronger 
than those for MLvprop. Figure 5.38 compares the MLvprop and MLvprop2 val­
ues. As expected, almost all of the MLvprop values are either unchanged or have 
increased. There are some galaxies, 27 in all, which actually show a decrease 
(i.e. MLvprop2 < MLvprop). These galaxies have very flat MLvprop/x2 curves, 
e.g. in one case the x 2 varies by only 5% over the entire range of fits. In these 
cases, the determination of MLvprop would be highly suspect, so the problem lies 
with it and not with MLvprop2. Finally, I have plotted MLvprop2 against the orig­
inal MLprop in Figure 5.39. There is a reasonably strong correlation, and the slope 
is close to 1 (slope=0.98 ± 0.02, intcpt.=0.07 ±  0.01).
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Figure 5.39: Comparison of MLvprop2 with MLprop
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Figure 5.40: ( M / L )v2 against L tot
10.5 11
582 galaxies Slope Intercept x 2 r
Ltot 0.86 ± 0.21 -5.61 ± 2.09 2.76 0.15 2.31
CSB 0.57 ± 0.09 -8.58 ± 1.68 3.12 0.14 2.32
Scalelength 0.77 ± 0.10 0.96 ± 0.23 0.89 0.29 2.24
Diameter 0.08 ± 0.02 1.45 ± 0.26 1.71 0.23 2.28
Morph. Type 0.05 ± 0.07 2.68 ■ ± 0.33 0.18 0.05 2.36
Table 5.3: Fits for ( M/ L )v2 against galaxian parameters
T ren d s  in
Again, Figure 5.40 through to Figure 5.44 show the various trends in ( M / L )v2 
against the galaxian parameter, and the fits are summarised in Table 5.3. As with 
MLvprop, the clustering towards low M /L  values distorts the fits, but it is less pro­
nounced here. The dispersions in these fits is quite similar to those of the MLvprop 
fits, and both are significantly larger than the MLprop fits.
5.5 Strict M axim um  Disk fits
"A different approach to fitting the disk model to the rotation curve is the “maximum 
disk” model. Here the model is used to account for as much as possible of the rotation 
curve without exceeding it anywhere. This usually means that the model is fitted
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to the inner part of the rotation curve.
To use this approach, I defined SMDprop E [0.0,1.0]. By stepping upwards 
from 0.0, the disk model fits progressively more of the rotation curve data. The 
fit is stopped when the model exceeds the data anywhere. This needs to be done 
in a fairly “fuzzy” way to avoid the effects of any occassional noise points in the 
data. I implemented such an approach by letting the model exceed no more than 
10% of the data points. This appeared to work reasonably well and was readily 
automated. A later improvement (not carried out in this thesis) would be to fit each 
galaxy interactively; the eye-brain combination is far better at this. After deriving 
(M / L ) smd a pseudo-isothermal halo was fitted as before to the residuals. I used 
both the constrained and unconstrained halo approaches, yielding two possible halo 
parameter sets for each galaxy. The fits are plotted in Appendix B. The left panel 
shows the fit with an unconstrained halo while the right panel shows the fit with a 
constrained halo. The central column gives the values for the central density and the 
core radius for both of these approaches. The success of the automated procedure 
is examined in more detail in Chapter 6.
In Figure 5.45 I have plotted the distribution of SMDprop values. The distribu­
tion shows very few values close to zero, an improvement on the previous approaches. 
There are also only a few values close to 1.0. This is a reflection of the trend seen 
in the plots of discrepancy, p. Only for the largest, brightest galaxies does the 
discrepancy even approach zero, where the disk-model perfectly fits all of the data.
SMDprop is, as expected, strongly correlated with p (Figure 5.46) in the same 
sense (and for the same reason) that MLprop was. Indeed, SMDprop and MLprop
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582 galaxies Slope Intercept x 2 r
Ltot 0.76 ± 0.13 -4.96 ± 1.26 1.12 0.25 1.47
CSB 0.37 ± 0.05 -4.87 ± 1.03 3.43 0.16 1.50
Scalelength 0.64 ± 0.06 0.93 ± 0.13 3.59 0.40 1.39
Diameter 0.08 ± 0.01 1.28 ± 0.16 1.49 0.33 1.43
Morph. Type -0.04 ± 0.05 2.75 ± 0.22 0.44 -0.02 1.52
Table 5.4: Fits for (M /L ) 3Tnd against galaxian parameters
are themselves loosely correlated (Figure 5.47). The fit to the points is
SMDprop — (0.49 ± 0.0l)MLprop + (0.27 ± 0.01) (5-1)
with a dispersion of a — 0.16. The distribution of (M / L)srnd is shown in Figure 5.48, 
where the centre is 2.28 ± 0.10 and the width is narrow, a — 1.68 ± 0.11, when 
compared to the various previous calculations.
T rends in (
\  ^ J smd
The behaviour of (M/ L)smd against the galaxian parameters is plotted in Figure 5.49 
through Figure 5.53. The fits, quoted in Table 5.4, are calculated as before.
These correlations are stronger than those derived from the MLprop, MLvprop 
and MLvprop2 approaches. Clearly this cannot be taken as an endorsement of the 
SMD model by itself. However, if we look at the above results we find that the 
various models agree surprisingly well (Table 5.5) in their correlations between M /Z­
and galaxian parameters. Even keeping in mind that there are vague correlations 
between SMDprop, MLprop, MLvprop and MLvprop2, the fact that they agree not 
just qualitatively but quantitatively as well implies that these trends are real, with 
fits close to those summarised in Table 5.5. The next question one could ask regards 
how real the scatter in these fits is: is it real noise, is it due to errors in (say) the 
strict maximum disk assumption, or is it a second parameter effect? I don’t believe 
that the data and results here are sufficient to examine this question.
5.6 Swing A m plification Lim its on (^ )
Athanassoula, Bosma and Papaioannou (1987) suggested using the spiral arm struc­
ture of the disk to constrain the disk mass and hence the disk M / L. The calculation 
is based on Toomre’s theory of swing amplification (Toomre, 1981). The basic idea 
is that for a disk with a given mass distribution and rotation curve there is a critical 
wavelength for which perturbations will be repeatedly (swing) amplified, leading to
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prop Slope Intercept x2 r ay
Ltot ML 0.84 ± 0.16 -5.79 ± 1.58 2.60 0.16 1.74
MLv 0.36 ± 0.21 -1.64 ± 2.01 1.73 0.05 2.20
MLv2 0.86 ± 0.21 -5.61 ± 2.09 2.76 0.15 2.31
SMD 0.76 ± 0.13 -4.96 ± 1.26 1.12 0.25 1.47
CSB ML 0.32 ± 0.07 -3.83 ± 1.29 1.85 0.10 1.76
MLv 0.52 ± 0.07 -8.39 ± 1.43 1.47 0.16 2.17
MLv2 0.57 ± 0.09 -8.58 ± 1.68 3.12 0.14 2.32
SMD 0.37 ± 0.05 -4.87 ± 1.03 3.43 0.16 1.50
Scalelength ML 0.40 ± 0.07 1.46 ± 0.17 1.90 0.23 1.72
MLv 0.36 ± 0.09 0.98 ± 0.21 1.98 0.17 2.17
MLv2 0.77 ± 0.10 0.96 ± 0.23 0.89 0.29 2.24
SMD 0.64 ± 0.06 0.93 ± 0.13 3.59 0.40 1.39
Diam eter ML 0.06 ± 0.01 1.45 ± 0.19 3.06 0.21 1.73
MLv 0.05 ± 0.02 1.18 ± 0.24 1.77 0.11 2.19
MLv2 0.08 ± 0.02 1.45 ± 0.26 1.71 0.23 2.28
SMD 0.08 ± 0.01 1.28 ± 0.16 1.49 0.33 1.43
M orph. Type ML -0.05 ± 0.05 2.71 ± 0.23 0.99 0.00 1.78
MLv 0.06 ± 0.06 1.64 ± 0.30 0.92 0.07 2.18
MLv2 0.05 ± 0.07 2.68 ± 0.33 0.18 0.05 2.36
SMD . -0.04 ± 0.05 2.75 ± 0.22 0.44 -0.02 1.52
Table 5.5: Sum mary comparison of the various ( M/ L)  fits against galaxian param ­
eters
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Figure 5.53: ( M / L) arnd against Morph. Type
a spiral arm structure. Depending on the above parameters, the disk will support or 
inhibit the amplification of various multiplicity structures, i.e. the number of spiral 
arms.
One of the critical quantities is
X = A R k2
X c r i t  27T Gmn(R)
(5.2)
where R  is the radius,
^ = i j ( S + 4 n 2 )
(5.3)
Q(R) = V(R) /R ,  m is the multiplicity, m = 1, 2, 3 ,..., and fJ.(R) is the radial surface 
mass density. We have observed V{R),  and assuming a constant M f L  with radius, 
p(R)  is taken from the luminosity profile.
In a very simple approach, when X  < 1 that multiplicity is amplified, while 
X  > 1 implies that that multiplicity is inhibited. Thus as the disk gets denser, 
progressively smaller values of m are permitted. If I know the multiplicity of the 
sample galaxy I can then calculate X  and see what values of M / L  permit that 
structure to form.
One of the strongest examples of spiral arms in the sample is the two-armed 
spiral 352-G27. In Figure 5.54 I have plotted the mean rotation curve (folding the 
_red and blue together) in the top panel. The second panel shows the rotation curve 
derivative (solid line) and (dash-dot line). The third panel plots X  for a variety 
of multiplicities: m — 1 (solid line), m = 2 (dashed), m = 3 (dash-dot) and m = 4 
(dotted).
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Figure 5.54: Calculation of the Swing Amplification of 352-G27
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This plot shows that X  < 1, for m = 2 out to about 9 kpc. The bottom panel 
shows the implied permitted value of M/ L  if I take X  = 1. The best fitting disk- 
alone model from Section (5.1) provided an excellent fit to the data with M / L = 4.5, 
a value which fits squarely into the permitted range, between m -  1 inhibited and 
m = 2 inhibited.
Unfortunately, there is very little constraint on the value oi M/L:  roughly speak­
ing, M / £=4.5 ±  1.5 is permitted. This is a 30% uncertainty for one of the strongest 
examples of spiral arms in the sample. The majority of sample galaxies show only 
very weak spiral structure, so there would be a further uncertainty in m  as well. 
Athanassoula et al. note that this approach applied (in much more detail) to their 
sample restricted the range of permissible M / L  values to within 0.3 dex, which is 
after all a factor of 2. The M/ L  derivations from the previous sections imply that 
the M / L  here lie predominantly in the 1.0-5.0 range. A factor of 2 uncertainty in 
the M / L  value by this approach could not be considered an improvement.
5.7 In closing
I have established that, for a significant fraction of our sample at least, the thin 
disk model calculation works extremely well. The models are able to reproduce 
local features (“bumps” and “wiggles”) as well as steep inner gradients and sharp 
gradient changes in the rotation curves. This was achieved even, though I have 
treated any bulges not as a spherical mass distribution, but as just a local density 
enhancement in the flat disk.
The quality of the fit becomes worse as one moves from the largest, brightest 
galaxies to the smaller, fainter galaxies. This trend is seen strongly in luminosity, 
CSB and Diameter, with a weaker but still significant trend with scalelength. If we 
are to believe that the disk material is predominantly on circular orbits, then the 
luminous contribution must be decreasing for these smaller systems. This implies 
that the discrepancy between observed and expected curves becomes even stronger 
in the outer parts, and hence the presence of even more halo material is required, 
with the amount varying as a function of luminosity, diameter, etc.
With or without the contribution of a halo, I can calculate the disk M / L  in a 
variety of independent and semi-independent ways, and compare these values and 
their trends with galaxian parameters. It is apparently the case that the Strict Max­
imum Disk model is the only one not strongly affected by the vagaries of numerical 
model fitting. Hence, the strongest correlations between M/ L  and galaxian param­
eters is seen for the SMD values. Despite the problems, the various approaches all 
yield reasonably consistent trends for M / L , summarised in Table 5.5.
The ability of the disk models to provide excellent fits to the observed rotation
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curves of high luminosity galaxies (indeed, sometimes no combination of halo plus 
decreased disk provides a better fit) leads one to believe that the SMD approach is 
correct here. The evidence for the same being true for the low luminosity galaxies 
is weak. However, it is worth keeping in mind that any trends observed in halo 
parameters with, say, luminosity will only become stronger if the SMD criterion is 
relaxed for fainter galaxies, since the discrepancies would become even stronger than 
the SMD fits currently suggest.
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C h ap ter  6
H alo  T re n d s  w ith  G a la c tic  
P a r a m e te r s
In the previous Chapter I examined four different approaches for deriving the disk 
M/ L.  The disk plus halo approaches simultaneously yielded values for the halo 
parameters. The Strict Maximum Disk (SMD) model did not, and one has two 
choices for the halo parameters. Given the SMD model, the choice is whether to use 
a halo with an asymptotic velocity constrained to match the optical Vmax or to use 
a totally unconstrained halo. I thus have a choice of five different calculations of the 
halo parameters, together with four different values for the luminous M/L.
Rather than exhaustively examining every possible permutation, I will restrict 
myself to only a few. In this Chapter I will examine the behaviour of three halo 
parameters (po, rc and total mass) as a function of the galactic parameters.
6.1 C alculating the Halo Mass
The total mass of a sphere of radius R  with density profile
( 6.1)
is given by
M(R)  = A-Kpor^R (6.2)
and this curve is plotted in Figure 6.1 with po = 0.01M@/pc3 and rc = 4kpc. 
Unfortunately, the result does not converge to a finite value.
Thus I can only quote a total mass out to a reference radius, the most appropriate 
choice being the photometrically determined diameter of the galaxy, DqZ  P\
Another way to calculate the halo mass is to simply determine the total mass of 
the system and subtract the luminous mass. In a spherically symmetric system, the
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Figure 6.1: The cumulative mass profile of the pseudo-isothermal sphere model, 
total dynamically determined mass out to radius R  is
Miyn(R) = (6.3)
where V(R)  is determined from the rotation curve.
How bad an approximation is Equation 6.3 ? The worst case would be if all the 
mass had a distribution like the galaxy, i.e. a very thin disk, say with exponential 
density profile. In Figure 6.2 I have plotted the mass of an exponential disk as a 
function of radius. The horizontal line is the total mass of the disk out to infinity. 
The dashed line shows the correct mass growth curve calculated from the integral 
of the exponential disk p = poe~r^h. The solid, line shows the mass calculated from 
the spherical approximation using the analytic form of the exponential disk rotation 
curve. The discrepancy is small beyond a couple of scalelengths. The lower curves 
show the ratio of the approximate/true mass (dotted line) and approximate/total 
mass (dash-3 dot line). The worst area is around 2-3 scalelengths, where the ap­
proximation overestimates the true mass by about 30%.
However, the evidence points towards the halo being much more spherical than 
the disk, and that the halo is a significant contributor to the total mass. As such, 
the spherical approximation should be better than 30%.
As noted earlier, I have four different values for the galactic M/ L.  Since they 
jdl appear to yield very similar trends with galactic parameters (Table (5.5)), I will 
restrict myself to just one of these. As the SMD models appear to produce the most 
reliable and unbiased fits, I will hereafter only use the SMD M/ L  values. Even so, I 
can still use the constrained and unconstrained (free) halo fits, hereafter called the
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Figure 6.2: Example of the dynamical mass indicator applied to the exponential
disk.
X Y Slope Intercept r G y
SMD D-L SMDvc hp 0.81 ± 0.02 2.54 ± 0.25 0.90 0.21
SMD D-L SMDvf hp 0.79 ± 0.02 2.62 ± 0.25 0.86 0.25
SMDvf hp SMDvc hp 0.87 ± 0.02 1.45 ± 0.18 0.90 0.21
Table 6.1: Fits to comparison of halo mass estimates.
SMDvc and SMDvf models respectively.
The halo masses can now be calculated from (i) the halo parameters from SMDvf, 
(ii) the halo parameters from SMDvc, and (iii) the dynamical-luminous mass cal­
culation, using the SMD M /L .  The interrelationship between these approaches is 
plotted in Figures 6.3-6.5, and the fits are summarised in Table 6.1.
The correlations are very good, with a few outliers. These outliers appear to 
drag the fits to slightly shallower slopes than the expected slope of 1.0. These are 
probably galaxies where the halo parameters have been poorly determined. The 
intercept appears to be poorly determined, more so than the errors would suggest, 
as the distribution of halo mass indicates. Figures 6.6 to 6.8 show the distribution 
of halo masses using the three approaches, and all show a peak around log Mhaio = 
TO.5 — 11.0, extending about an order of magnitude either side of the peak.
It is interesting to compare these distributions against the distribution of to­
tal masses (Mdyn = V 2R/G) ,  shown in Figure 6.9. This exhibits a very similar
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Figure 6.3: Comparison of halo mass estim ates, dyn-lum vs SMDvc halo param eters
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Figure 6.4: Comparison of halo mass estim ates, dyn-lum vs SMDvf halo param eters
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Figure 6.5: Comparison of halo mass estimates, SMDvf h. p. vs SMDvc h. p.
Mhaio (SMD -  d y n - lu m )
Figure 6.6: Distribution of halo masses using the dyn-lum model.
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Figure 6.7: Distribution of halo masses using the SMDvf halo parameters.
log Mhalo (SMDvc — halo  param s)
Figure 6.8: Distribution of halo masses using the SMDvc halo parameters.
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Figure 6.9: Distribution of total dynamical masses.
distribution to the halo masses. The luminous masses (M/um =M/ L  L tot) show a 
slightly different distribution with a longer tail towards smaller masses (Figure 6.10). 
Whether this is a true trend or just an artifact of poorly determined M / L values 
will be examined later. It should be noted that the shape of the distributions are, 
of course, influenced by the selection criteria of the original sample.
6.2  H alo  M ass as a fu n ctio n  o f  G alax ian  P a ra m eter s
As the above halo-mass indicators all agreed very well with each other I will only 
use one of them. In this case the most reliable indicator appears to be the dynamical 
minus luminous model, which is used hereafter.
The halo masses can be plotted against the galactic parameters, Figure 6.11 to 
Figure 6.16 show the correlations. The fits are summarised in Table 6.2.
The error bars are calculated assuming a 0.3 dex error in log Mhalo- There is a 
very strong correlation with Luminosity. The trends with CSB, scalelength and di­
ameter are those I would expect from the correlations between these parameters and 
Luminosity found in Chapter 3. Indeed, if one substitutes the fits found there into 
the Mhalo/Luminosity relation one recovers the other fits here extremely well. The 
trends in Mhalo with M /L  and Morphological Type are only marginally significant. 
The M. T. trend is as expected, since earlier types tend to be more luminous.
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Figure 6.10: Distribution of luminous disk masses.
log Luminosity
Figure 6.11: M ^ a i o  as a function of Luminosity.
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Figure 6.12: Mkaio  as a function of CSB.
Figure 6.13: Mhaio as a function of Scalelength.
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Figure 6.14: M^aio as a function of Diameter.
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Figure 6.15: Mhalo as a function of M/ L.
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Figure 6.16: M h a lo  as a function of Morphological Type.
X Slope Intercept r a y
log Luminosity 1.02 ± 0.03 0.31 ± 0.27 0.89 0.24
CSB -0.27 ± 0.01 15.79 ± 0.26 -0.50 0.45
log Scalelength 1.65 ± 0.07 9.71 ± 0.03 0.57 0.43
log Diameter ' 2.44 ± 0.07 7.45 I 0.08 0.86 0.27
log M/L (SMD) -0.10 ± 0.04 10.36 ± 0.01 -0.06 0.52
Morph. Type -0.07 ± 0.01 10.64 ± 0.04 -0.19 0.53
Table 6.2: Halo mass as a function of Galactic parameters.
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Figure 6.17: Distribution of the Mhalo/Mium mass ratio.
6.3  T h e  D a rk /L u m in o u s  M ass fra ctio n
The strong trend of increasing halo mass with luminosity was to be expected. Normal 
galaxies typically exhibit flat rotation curves, low linewidth to high linewidth. This 
implies that at some radius all galaxies are dominated by dark matter. As more 
luminous galaxies are likelier to have more massive disks, there needs to be more 
dark matter in those galaxies to produce the flat rotation curves.
However, are the brighter galaxies more or less dominated by dark matter haloes 
than the fainter galaxies? As noted in Chapter 1, many authors (e.g. Bahcall and 
Casertano (1985), Carignan and Freeman (1985) and van Albada and Sancisi (1986)) 
find no trend in Mhaio/Mium with luminosity, while a similar number (e.g. Athanas- 
soula, Bosma and Papaiouannou (1987), Kent (1987) and Persic and Salucci (1988)) 
find a trend for Mhaio/Miurn to increase as the galactic luminosity decreases; fainter 
galaxies are more dominated than brighter galaxies.
In Figure 6.17 the distribution of Mhaio/M[UTn is plotted and it shows an appre­
ciable width; in some cases the halo only supplies 10% of the total mass, in others 
the galaxy is dominated by a halo 10 times the disk mass. One needs to keep in 
mind that these mass ratios are determined at the edge of the optical disk. In this 
sample there is a strong peak around Mhaio/Mium = 1, i.e. equal proportions of 
dark matter and luminous matter. I should point out here that I have restricted the 
sample to a subset of the original 582, now using 307 galaxies. As will be shown in 
the next section, this subset only includes galaxies with the most reliable fits.
The halo/disk mass ratio does vary. Figure 6.18 shows the trend of Mhaio!Mium
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2log Lum inosity
Figure 6.18: Mhaio/^ium as a function of Luminosity.
X Slope Intercept r
log Luminosity -0.28 ± 0.03 2.71 ± 0.34 -0.27 0.50
CSB -0.01 ± 0.02 0.22 ± 0.36 -0.02 0.52
log Scalelength -0.81 ± 0.09 0.31 ± 0.04 -0.31 0.49
log Diameter -0.74 ± 0.08 0.87 ± 0.10 -0.30 0.49
Morph. Type 0.02 ± 0.01 -0.07 ± 0.06 0.06 0.50
log M/L (SMD) -1.53 ± 0.06 0.61 ± 0.03 -0.90 0.22
Table 6.3: The fits of Mhai0/M ium against Galactic parameters.
with luminosity. The uncertainties are large but the trend is significant. Fainter 
galaxies are more dominated by the dark matter halo than the brighter galaxies. In 
Figures 6.19-6.23 I have plotted the mass ratio against the other galactic parame­
ters, and the fits are summarised in Table 6.3. Again these trends follow from the 
parameter correlations with Luminosity. The errors quoted are based on a 0.3 dex 
error in Mkalo/Mium.
Thus the fainter, smaller, lower surface brightness galaxies are more dominated 
by dark matter than the brighter, larger systems. This appears to agree with the 
overall observation that the smallest dwarf systems are heavily dominated by dark 
matter.
The most unusual, and strongest, correlation is'with the luminous M/ L.  The 
correlation is far stronger than any of the others and, even more importantly, the
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Figure 6.19: Mhalo/Mium as a function of CSB.
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Figure 6.20: Mhalo/ M\UTn as a function of Scalelength.
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Figure 6.21: M h a io /M iUTn as a function of Diameter.
Morph. Type
Figure 6.22: M h a l o / ^ l u m  as a function of Morphological Type.
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Figure 6.23: Mhalo/Mium as a function of M/ L.
trend is distinctly curved in the log-log domain. This result turns out to have a 
simple, albeit surprising, explanation and is detailed later in this thesis.
6.4 Halo Param eters as a function of Galactic Param ­
eters
The total'mass of the halo is a function, given the pseudo-isothermal model, of the 
central density po and the core radius rc. Given the variation in halo mass with 
luminosity, etc., it is now interesting to examine the individual trends in po and rc.
From this point on, the halo parameters quoted are derived from the SMDvc 
model, i.e. the constrained halo with Voo = Vmax. This follows the usual approach 
in the literature, especially for those galaxies with extended Hi data.
In Figure 6.24 the distributions of po (in M q / p c 3) and rc (in kpc) are plotted. 
A problem immediately becomes apparent. The few data points from the literature 
indicate that spirals of typical luminosities have po ~  0.001 — 0.1. Yet the distribution 
shows a significant number of galaxies with po >  0.1. The problem caused by these 
fits is shown in Figure 6.25 where po is plotted against luminosity. There appears 
to be a wedge of points containing most of the data and is surrounded by a random 
cloud of high po points. The least squares fit is then dragged to a highly erroneous 
--direction. If on the other hand ail galaxies with e.g. po > 0.1 are rejected, one finds 
a strong trend for po to increase as the luminosity decreases.
. , However, this rejection is quite arbitrary and insufficient. Closer examination
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Figure 6.24: The distribution of po and rc.
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log Lum inosity
Figure 6.25: po against luminosity for the entire sample.
of Figure 6.25 reveals that the distribution of po values at constant luminosity is 
essentially Gaussian with a very long wing towards high po (e.g. Figure 6.26). The 
centre of the Gaussian moves higher as the luminosity decreases, reiterating the 
result above, but the Gaussian also gets wider as the luminosity decreases. Thus 
for high luminosity systems points above po ~  0.05 are already 3cr above the mean, 
whereas at lower luminosities po ~  0.1 is the mean.
One can use a Gaussian rejection scheme to remove the errant galaxies (e.g. all 
points more than 4a from the mean), leaving the “more believable” galaxies in the 
fit. However, this again could be considered too arbitrary. A better approach is to 
find what leads to the bad fits, and thence develop either an improved fit or a clear 
rejection.
An examination of the individual fits reveals at least two main causes for bad fits. 
It is not due to the coverage of the ORC in scalelengths (Figure 6.27) as might have 
been expected. The main cause is poorly determined M /L  values from the SMD 
approach. The automated procedure can be misled by a few noisepoints in the data, 
leading to an underestimated M/X, and hence an overestimated halo contribution. 
An interactive fit needs to be done to all of the galaxies in the sample, which time 
constraints did not permit at this stage.
The other problem occurs in high luminosity galaxies where the disk model 
provides a very good fit to almost all of the observed rotation curve. The halo 
rotation curve then tries to fit any residual features in the inner disk, rather than 
the outer regions, and numerically the fit is improved, with a large value of po and 
short rc.
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Figure 6.27: po values as a function of the extent of the ORC in scalelengths.
176
üo
Q.
Figure 6.28: The variation in po with the fit indicator Ax2.
It is difficult to reject these galaxies by almost any quantitative procedure. One 
way found was to consider the effects of an underestimated disk M/ L.  The disk 
model is a detailed model based on the photometry and includes a variety of features 
(“bumps” and “wiggles”). The halo rotation curve has a simple mathematical form 
and is featureless. Thus only the disk model can fit small features in the observed 
rotation curve, and hence only the disk model can provide a major contribution to 
the residual, x2- To investigate this, I compared the x2 of each galaxy with the x 2 
based on a fit with SMDprop increased by 0.15 (and its best fitting halo). I defined
Ax2 + 0.15 SMD (6.4)
and then plotted Ax2 against' po in Figure 6.28. Not surprisingly, galaxies with 
A x2 > 0 have “believable” values of po- However, if Ax2 < 0 it implies that the 
fit could be improved by increasing the disk contribution and decreasing the halo. 
The change in behaviour of po around Ax2 = 0 is quite dramatic. The ideal cutoff 
appeared to be Ax2 = — 0.05. The newly reduced sample with A x2 > —0.05 has 
307 galaxies with much fewer galaxies with po > 0.1.
This reduced sample of galaxies is now used to look at the trends in po and rc 
against the galactic parameters.
Because I have used a constrained halo, he. with = Vmax, it means that 
Ahere will be a correlation between po and r c (Figure 6.29). The sample of galaxies 
here mostly have linewidths between 100 and 300 km s-1 . As Voo a  (por2)1/2, one 
can calculate (a) that as the core radius increases, po must decrease, and (b) that 
the dispersion at, say, fixed rc is directly due to the variations in linewidths in the
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Figure 6.29: The correlation between po and rc.
sample. Indeed, calculating the expected dispersion yields a ~ 0.3, compared to the 
observed value of a ~ 0.21. The formal fit to the correlation is
which is somewhat shallower than the expected slope of -2. This may be due to a 
correlation between po, rc and linewidth, and hence luminosity, dragging the higher 
r c upwards and thus decreasing the slope.
Figure 6.30 plots po and rc against luminosity. While noisy, po clearly increases 
as the luminosity decreases. Conversely the halo rc increases with luminosity. This 
is not unexpected, since as the total mass of the halo increases with luminosity, rc 
must increase faster with luminosity than po decreases.
There is no significant correlation between po and CSB, but rc appears to be 
becoming shorter as the CSB-gets fainter (Figure 6.31). There is quite a strong 
correlation between po and the disk scalelength, po decreasing as h increases. As 
then expected, rc increases with increasing h (Figure 6.32). Since luminosity is 
strongly correlated with diameter, the correlations between po and Do and between 
rc and Dq are no surprise (Figure 6.33) although they do appear to be stronger than 
the equivalent luminosity trends. There appears to be no significant trend in po or 
rc with Morphological Type.
Considering the uncertainties in the determination of po and rc, and assuming 
that the scatter in the above relations is mostly due to these uncertainties, the galax­
ies can be binned together. Figure 6.35 shows the trends in po against luminosity, 
CSB, scalelength and Diameter. The data is binned into 15 bins on the x-axis, with 
at least 3 points required in a bin. The error bars in y are the error in the determi­
nation of the mean, a /y /N , while the x error bars are the dispersion within the bin.
log po = (-1.17 ±0.04) log r c -  (0.73 ± 0.02) (6.5)
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Figure 6.30: po and rc as a function of Luminosity.
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Figure 6.31: po and rc as a function of CSB.
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Figure 6.32: po and rc as a function of Scalelength.
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Figure 6.33: po and rc as a function of Diameter.
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Figure 6.34: po and rc as a function of Morphological Type.
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X Y Slope Intercept r a y
log Luminosity P o -0.30 ± 0.04 1.56 ± 0.39 -0.38 0.39
CSB P o 0.02 ± 0.02 -1.87 ± 0.46 -0.02 0.43
log Scalelength P o -1.03 ± 0.09 -1.05 ± 0.04 -0.49 0.37
log Diameter P o -0.84 ± 0.09 -0.44 ± 0.10 -0.47 0.38
Morph. Type P o -0.01 ± 0.02 -1.34 ± 0.08 -0.06 0.43
log Luminosity rc 0.47 ± 0.02 -4.02 ± 0.21 0.76 0.21
CSB rc -0.09 ± 0.02 2.44 ± 0.32 0.26 0.31
log Scalelength rc 1.01 ± 0.05 0.23 ± 0.02 0.68 0.23
log Diameter rc 1.17 ± 0.05 -0.77 ± 0.05 0.80 0.19
Morph. Type rc -0.01 ± 0.01 0.63 dh 0.06 -0.05 0.32
Table 6.4: The fits of Halo Parameters against Galactic parameters.
Similarly Figure 6.36 shows the trends of rc against the galactic parameters. Finally 
Figure 6.37 show the trend of po and rc against Morphological Type. The fits are 
summarised in Table 6.4. The error determinations in the slope and intercept are 
calculated from the binned fits, and only become smaller as more bins are used. The 
correlation coefficient, r, and the dispersion, cry, are from the raw fits.
6.5  In c lo sin g
The results in this chapter have shown that the halo and the galactic disk are strongly 
intertwined. The larger or brighter the galaxy, the more dark matter surrounds it. 
Yet the dominance of dark matter changes as one moves from the brightest to the 
faintest galaxies, the faintest being strongly dominated by a halo. Surprisingly, the 
M /L  of the disk is also correlated with the dark/luminous mass fraction, implying 
that the star formation history in the disk is affected by the dark matter halo.
As the scalelength of the disk and the core radius of the halo are strongly cor­
related, it perhaps suggests that the disk scalelength is determined by the halo in 
which the galaxy formed. On the other hand, the disk Central Surface Brightness 
is uncorrelated with the halo central density, but is correlated with the halo core 
radius. It remains to be seen if this is due the large uncertainties in po, but it should 
be noted that the slope for the CSB/luminosity trend is -0.26, while the slope for 
Po/luminosity is -0.30, so (within errors) the po/CSB slope is zero.
The trends in halo parameters with galactic parameters, are exactly those ex­
pected based on the correlations found in Chapter 3. It is now interesting to see
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Figure 6.35: The various trends in po against the galactic parameters.
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Figure 6.36: The various trends in rc against the galactic parameters.
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Figure 6.37: The trends in po and rc against Morphological Type.
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Luminosity
L q
M h a l o
M0
M h a l o / M l u r r i Po
M©/pc3
Po rc
kpc
r 'c
//
r c
106 2.7 x  106 10.7 0.58 0.24 0.06 0.10 0.16
107 2.8 x  107 5.6 0.29 0.12 0.19 0.30 0.49
108 3.0 x  108 3 0.14 0.06 0.55 0.86 1.4
1011 3.4 x  1011 0.4 0.018 0.007 14 22 36
1012 3.5 x  1012 0.2 0.009 0.004 42 66 107
Table 6.5: Expected values of halo parameters for galaxies outside this sample
what the correlations found here predict for galaxies outside the sample used here. 
In Table 6.5 I have calculated the halo parameters for a range of galaxies using the 
luminosity trends found in Tables 6.2-6.4. The low luminosity values are for sys­
tems going down to the smallest dwarf galaxies, perhaps even the largest globular 
clusters. The high luminosity values are for galaxies much larger than the Milky 
Way (Vmax = 220km s_1 implies logT = 10.3). The multiple columns for po and rc 
are explained later.
How do these results compare with directly measured values in the literature? In 
Table 6.6 I have summarised the results from a variety of authors for various dwarf 
galaxies. The total luminosities are quoted either for the V  or B  bands.
There is quite a large variation in the derived parameters. This is a reflection 
of the uncertainties in the modelling of these systems. The errors or value ranges 
quoted are purely statistical and do not reflect the uncertainties in the models fitted. 
The problems include not knowing the spatial distribution of the stars, the variation 
in velocity dispersion as a function of radius, kinematic data at large enough radii 
to distinguish between King models or others, and even what the effects of nearby, 
larger galaxies in the Local Group would be. Furthermore the gas mass can be as 
im portant (or more) as the stellar mass in contributing to the rotational support, 
providing even greater uncertainty.
However, the results appear to cluster towards similar values. Overall there 
is general agreement. When compared to the values expected from the fits here, 
one finds, however, tha t the observed central densities are lower and the core radii 
longer. Is this due to the model uncertainties in the observed dwarf galaxies, or is 
it a problem in the determination of the fits in this Chapter?
One observation I can make is based on the sample restriction I applied in this 
Chapter. I rejected galaxies with clearly bad fits, but one can be certain tha t there 
are still galaxies which have more marginally underestimated the true M /L (using 
the SMD model). These bad fits will have overestimated values for p0. Thus, the 
uncertainties in the overall determination of a mean po at a given Luminosity will
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Ref Galaxy log Lq po M©/pc3 rc kpc Mh/Mi
(i) Fornax dSph. 7.0 (V) 0.07 ±0.03 ~  0.7 ?
(2) DDO 154 7.7 (B) 0.02 ~  3 10
( 3 ) GR 8 6.4 (B) 0.07
( 4 ) DDO 170 8.3 (B) 0.005-0.02 ~  2.4
( 5 ) IC 1613 < 0.002
(6) Draco 5.3 (V) 0.7
0.2
0.5
(6) Ursa Minor 5.3 (V) 0.5
0.2
0.3
(1) - Mateo et al., 1991, (2) - Carignan and Freeman, 1988 
(3) - Carignan et al., 1990, (4) - Lake et al., 1990 
(5) - Lake and Skillman, 1989, (6) - Lake, 1990
Table 6.6: Halo parameters for a sample of dwarf galaxies
preferentially increase po. This scattering should be independent of Luminosity, 
based on the model fitting procedure, so I would argue that the slope is correct, but 
the intercept in the po/Luminosity relation is too high.
What does this do to the expected fits ? The p'0 values in Table 6.5 are the values 
derived from the fit with the intercept decreased by 1 sigma (0.39 dex, see Table 6.4). 
This is a legitimate thing to do, as firstly the fit is likely to have overestimated the 
intercept and secondly this change is the uncertainty in the determination of p0 
based on the fit.
As I have used the constrained halo model, any systematic change in po implies 
a systematic change in rc, in particular, a 0.39 dex decrease in po implies a 0.39/2 
dex increase in rc. This value is given by r'c. If one then accepts the uncertainty in 
the intercept of the rc/Luminosity relation, I am permitted to increase/decrease the 
rc values by a further 0.21 dex. An increase produces the values r"c.
The above corrections produce values much closer to those generally observed in 
the dwarf systems. Given the uncertainties in the actual observations and modelling 
however, I would not be prepared to say that these corrections are actually correct 
or even needed. Clearly, much more work is needed bn the theory and observations 
of these smaller systems.
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C h ap ter  7
T he Global M ass—to—Light 
ratio
In the previous Chapter I examined the correlations between halo (“dark”) and 
galactic (“luminous”) parameters. There is one further parameter I can define which 
combines dark and luminous contributions. This is the Global Mass-to-Light Ratio, 
T, which is the total mass within some radius, divided by the total amount of light 
measured within the same radius. Using the definitions from Chapter 6, one gets
M t o t    M d y n
L to t  L to t
V 2R
GLtot
M h a lo  T  M lu m in o u s  
T tot
(7.1)
R = P * ^ r r  -t~z
This is a readily calculable quantity. The distribution of T is plotted in Figure 7.1 
together with the best Gaussian approximation. The profile is very close to Gaussian, 
with the centre xq = 5.95T0.04 and a width of lcr = 0.90T0.04. This is very narrow, 
only a 15% scatter in T, which is the same scatter as the T-F fit for Fornax used 
here as the distance calibrator. The results in this Chapter will show that the Global 
Mass-to-Light ratio is a constant across all of the galaxies in this sample which span 
over 3 orders of magnitude in Luminosity.
Before examining the implications of this result, one needs to be sure that the 
result is not artificially induced by the use of the T-F as a distance indicator. This 
is readily shown when one considers a sample of galaxies in a cluster, where R and 
Ltot can be quoted in apparent units of arcseconds and magnitudes. The clusters 
are examined in detail in the next section; suffice it to say here that they confirm 
this result.
This constancy has several major implications, which will now be examined in 
turn. The first is based on setting
V 2R
GLtot
= const. (7.2)
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Figure 7.1: The distribution of the Global Mass-to-Light ratio, T
and together with the luminosity-diameter relation leads to the Tully-Fisher rela­
tion. The second follows from setting
halo  d~ M l u m i n o u s  
L t o t
= const.
and this is examined in a later section.
(7.3)
7.1 T h e  G lob a l M a ss -T o -L ig h t  ratio  and th e  T u lly -  
F ish er  re la tio n
From Equation 7.2, one gets
V 2 oc => log L — log R oc 2 log V  (7-4)
XL
Recalling, from Chapter 3, that there is a strong correlation between Luminosity 
and Diameter, i.e. L a  Rm, I can substitute to find that
logXoc ------ -logV  (7.5)
771 — 1
If Tn = 2, the nominal value (corresponding to constant Mean Surface Brightness), 
then L ~  V 4 is found. To check this result I have plotted, in Figure 7.2, the various 
correlations for the 24 clusters in the sample. Note that I have included galaxies 
with inclinations beyond 75°, as none of the parameters involved are overly sensitive 
to high inclinations.
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For each cluster I have plotted L / R  against V  (top left), where the dispersion is 
an indicator of the variation in T, the Luminosity-Diameter correlation (top right), 
and the Luminosity-Velocity or Tully-Fisher relation (bottom). The fits to all of 
these are listed in Table 7.1 where I have also quoted the inverse regresssion for 
the L — R  relation. There is always a danger when inverting a least squares fit as 
it presumes a uniform distribution of points. As this is never the case, the fit to 
the R — L regression does not yield the inverse slope of the L — R  fit. A future 
improvement would be to use a full fit, involving error estimates on both axes.
One can then substitute the R — L fit into the L / R  — V  relation to derive the 
expected slope for that cluster’s T-F fit. The agreement is, without exception, 
excellent, as can be seen in the Table.
In Figure 7.3 I have plotted the slopes for the 24 clusters, the top panel is 
L / R  — V, the middle is L — R and the bottom panel is the L — V  slopes. The 
dashed line shows the weighted mean of all the clusters, while the dotted line shows 
the expected slopes of 2.0, 2.0 and 4.0 respectively. In Figure 7.4 I have the same 
plot, less 4 clusters: ACO0123-38 and DC0247-31 (only 3 galaxies in the cluster), 
K27 (5 galaxies with very similar linewidths) and Cen45 which always appears to be 
discrepant (perhaps it is not a true cluster). For the remaining 20 clusters, one gets 
the following weighted mean slopes and mean dispersions (the error in the mean is 
calculated from the unweighted dispersion in slope values, divided by \/2Ö):
L / R - V slope = 1.90 ± 0.06 a = 0.089
L - R slope = 2.68 ± 0.11 a = 0.157
L - V slope = 2.77 ± 0.09
HCOr“H
oIIlb
These numbers reflect what is clearly visible in Figure 7.4. The slopes for the 
L / R  — V  relation cluster very strongly around the expected value of 2.0, but the 
larger scatter in the L — R slopes leads to a larger scatter in the L — V  slopes. The 
L — R slopes also differ significantly from the nominal 2.0, yielding T-F slopes closer 
to 3 than to 4. The mean dispersion within a cluster is tighter in the L / R  — V  plane 
than it is for the L — V  plane, even though I have introduced an extra observable. 
However, even though the slope is more reliable and the scatter is smaller, there is 
no improvement in using this as a distance indicator over the T-F. This is because 
L depends on the distance squared, while L / R  depends linearly on the distance, but 
the dispersion in the L / R —V  relation is not less than half the dispersion in the 
L — V  relation. (I would like to thank Ken Freeman for pointing this out.)
I should point out that the discovery of a correlation between L, R and V  is 
not new. Kodaira (1989) for example found such a correlation, although the power 
law dependency was quite different L ~  V R 2. Further, L / R  could be considered a 
characteristic linear surface brightness, and, together with the luminosity-diameter
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Cluster
L / R
slope
-  V  
±
L -  
slope
R
±
R  -  
slope
-H
L -  
slope
V
±
Expected
slope
1157-17 1.60 0.43 2.23 0.37 0.39 0.16 2.69 0.43 2.70
1204-29 1.89 0.26 2.21 0.18 0.41 0.08 3.08 0.26 3.23
1223-39 1.86 0.15 3.04 0.18 0.31 0.05 2.68 0.15 2.72
1822-71 1.83 0.26 2.72 0.26 0.34 0.09 2.71 0.26 2.77
1915-56 2.08 0.17 2.58 0.14 0.34 0.05 3.15 0.17 3.19
1946-56 2.33 0.29 4.29 0.56 0.14 0.10 2.77 0.29 2.73
2159-32 1.63 0.17 2.87 0.23 0.27 0.07 2.12 0.17 2.26
Aco0123-38 1.91 0.53 3.01 ■0.57 0.31 0.18 2.82 0.53 2.80
Antlia 1.87 0.13 2.34 0.11 0.35 0.04 2.88 0.13 2.93
Cen30 2.14 0.20 2.76 0.18 0.31 0.06 3.03 0.20 3.11
Cen45 0.93 0.30 1.79 0.31 0.45 0.15 1.41 0.30 1.72
DC0247-31 1.39 1.11 1.67 0.63 0.54 0.36 3.10 1.11 3.04
DC1842-63 1.75 0.27 3.01 0.34 0.27 0.10 2.35 0.27 2.42
Eridanus 1.64 0.12 2.22 0.09 0.40 0.04 2.60 0.12 2.76
ESO508 1.93 0.33 2.34 0.36 0.26 0.12 2.63 0.33 2.62
Fornax 1.86 0.16 2.21 0.12 0.41 0.05 3.19 0.16 3.20
Hydra 1.67 0.22 2.14 0.19 0.37 0.08 2.57 0.22 2.66
IC4296 2.10 0.47 3.26 0.58 0.21 0.15 2.77 0.47 2.67
K27 4.42 1.83 0.82 1.05 0.08 0.33 4.24 1.83 4.84
NGC3557 1.65 0.37 2.60 0.38 0.33 0.13 2.46 0.37 2.49
Pavo 2.62 0.25 2.31 0.15 0.37 0.06 3.98 0.25 4.16
Pavo2 1.90 0.31 3.04 0.34 0.31 0.11 2.76 0.31 2.76
Sculptor 2.11 0.12 2.79 0.12 0.29 0.04 2.88 0.12 2.97
Telescopium 1.45 0.30 2.54 0.36 0.34 0.13 2.09 0.30 2.20
Table 7.1: Slope values for the various Luminosity, Diameter, Velocity correlations 
for the sample clusters
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Figure 7.3: The variation in slopes for the L , R , V  relations for all 24 clusters
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Figure 7.4: The variation in slopes for the L , R , V  relations for 20 clusters
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relation, indicates perhaps why the mean surface brightness (~ L / R 2) is often seen 
as a second parameter in the T-F (e.g. Phillipps, 1989, Mould, Han and Bothun, 
1989, Aaronson et al., 1986).
Based on the cluster results I would argue that the Tully-Fisher relation is due 
to the constancy of the Global Mass-to-Light ratio and the Luminosity-Diameter 
relation. It replaces one conspiracy with another. Before, the question was why 
a luminous parameter should correlate so strongly with a possibly-halo-dominated 
parameter, especially as the halo varies strongly with the galaxy underneath. This 
implies a very detailed fine tuning of the halo and disk rotation curves. The con­
stancy of T is the new conspiracy and is examined in the next section.
The above results imply that the velocity used in the T-F should be the velocity 
at the radius to which we are defining T, rather than the traditional Vmax which 
could occur anywhere in the disk. However, the uniformity and overall flatness of 
rotation curves means that Vmax ~  Vedge for most galaxies and, as such, not much 
would be changed.
The results may also explain why the T-F slope is a function of passband (Bot- 
tinelli et al., 1983). If the L — R slope varies with passband, from B  to H , with 
(L — R)b having a steeper slope than (L — R)h , then the final T -F fits would change 
from shallow slopes in B  to steeper slopes for H . To my knowledge no study has been 
done in this field, and it appears to be an area of research well worth investigating.
Another important question is the origin of the Luminosity-Diameter relation. 
If the CSB were a constant for all spiral galaxies, then the L — D relation is just 
a reflection of the exponential disk and is really a correlation between Luminosity 
and the disk scalelength. But the CSB is not a constant, and the L — D correlation 
is far tighter than the L-scalelength relation. It could perhaps be a reflection of 
the angular momentum of the system - one could imagine that a higher angular 
momentum disk would be more spread out than a lower angular momentum disk. 
The L — D relation could be thought of as a velocity-diameter relation instead, given 
the constancy of T. By examining the results for the exponential disk (Freeman, 
1970), it can be shown that
Ang.Mom. a  {M30th)l/2 a  —  (7.6)
where /  is a combination of Bessel functions evaluated at the edge of the disk. At 
constant angular momentum and central surface density, one gets that V  ~  R, and 
via the constancy of T it can be shown that L ~  R3. This is not quite the luminosity- 
diameter relation seen here, but there are correlations between luminosity and CSB, 
and between luminosity and M /L  which may also need to be included. It should be 
remembered that this is the angular momentum of the exponential disk alone, and 
does not include the angular momentum of the halo. This does provide a possible
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2suggestion as to the origin of the L — D relation, but more detailed work needs to 
be done. Clearly the L — D relation deserves further study.
7.2 T h e  G lob a l M ass—To—L ight ratio  and th e  D ark  H alo
The observation that
M h a l0 T M l u m i n o u s  
Ltot
= const.
has some implications. For example, by rearranging this one gets
oc
- l
(7.7)
(7.8)
the right hand term being the disk M / L ratio determined in Chapter 5. In Figure 7.5 
I have plotted the two terms, and the correlation is very strong. This explains the 
odd curve in Figure 6.23, where I plotted log(x) rather than log(x + 1). The offset 
of 1 produces the curved correlation.
Another result is found if M / Let Ln. In Chapter 5 I showed that the various de­
terminations of M / L all showed M/ L  increasing with luminosity. From Equation 7.7 
one then gets
®  + 1)  (7'9) 
and since n is positive it implies that M^/M l increases as the luminosity decreases, 
agreeing with the result of Chapter 6. As the correlation between M fL  and lumi­
nosity is not very tight it produces a broad range of M^/Mi  values at any given 
luminosity.
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Finally, as the disk M /L  values span only a narrow range (Figure 5.48) Equa­
tion 7.7 implies that the halo mass increases linearly with luminosity, as seen in the 
fit in Table 5.4. If, on the other hand, the constant in Equation 7.7 was really a 
function of luminosity, the halo-mass/luminosity trend would not have an exponent 
of 1.
Clearly these results are not independent since for example the halo mass is 
calculated from the total mass minus the luminous mass, which is itself derived 
from the luminosity and the M /L  ratio. However, once one adopts the constancy of 
T, and an increasing M /L  with luminosity, all of the trends in halo mass are readily 
derived, and so could be considered different views of the same result.
Before progressing with this, I need to examine one possibility. The fits of the 
disk models alone to the data (Appendix A) appear to be quite good, with only 
a discrepancy in the inner regions and a few points in the outer regions indicating 
the effects of the halo. If these fits are actually acceptable then the halo/disk mass 
ratio would be close to zero, or at least much less than 1. If this is the case then 
much of the above would reduce to trivial results and the global mass-to-light ratio 
is really only a reflection of the stellar disk M/L .  In support of this it should be 
noted that the peak in T is around 6, while the peak in (M / L ) f uu (Chapter 5) is 
4.5. The difference between the spherical mass approximation for a disk and the 
thin-disk model for the same disk is at worst 30% (Chapter 6, Figure 6.2). This 
value is suspiciously close to ((6.0/4.5)-l).
However, the above suggestion cannot explain why the distribution of T is much 
narrower than the distribution of (M / L)juu. If the former is just a reflection of 
the latter, due to errors caused by the spherical approximation, it should show the 
opposite behaviour.
There are also further arguments against it. The 30% difference between the 
spherical and thin-disk mass calculation is true for a disk system and becomes 
progressively less true as the system becomes closer to spherical. As noted before, 
published results indicate that the halo is significant in the inner regions, and is well 
away from a disk configuration. Thus the error in the spherical approximation of 
the total mass must be less than 30%.
Furthermore, published results for models using extended 21cm rotation curves 
show that spiral galaxies typically have halo/disk mass ratios close to 1 (e.g. Bahcall 
and Casertano, 1985, Carignan and Freeman, 1985) agreeing very well with the 
range of values seen here (Figure 6.17). At this level the halo is clearly becoming 
very significant to the total mass inside the optical disk.
The rotation curve discrepancy, 77, examined in Chapter 5 showed significant 
differences between the model and the data, both in the inner and outer regions. In 
particular, there were clear trends in the inner discrepancy with galactic parameters
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which would be impossible to explain if there were not a strong change in halo pa­
rameters with galactic parameters. By adjusting the models to fit the inner regions, 
the outer discrepancies were increased. The suggestion that the disk model alone 
provides an acceptable fit is not true. The plots in Appendix A may be at fault 
for misleading the eye. Normally, published rotation curve data is folded about the 
nucleus, and stretched vertically. Here I have had to compress the plots to show 
both sides of the galaxy. I believe that the global mass-to-light ratio is the true 
overall value, including the halo mass, and is not just a reflection of the disk M/ L.
What does the constancy of T imply for galaxy formation? This is well outside 
the scope of this thesis, but I can make some suggestions. Assume the existence 
of some sphere, say, of mass Mtot at the time of galaxy formation. If dark matter 
is nonbaryonic, then Mtot = M/la/0(nonbaryonic) + M/um (baryonic). The baryonic 
fraction collapses to form the luminous disk, and produces some quantity of light. 
The constancy of T then implies that the star formation procedure is strongly influ­
enced by the halo; the baryonic fraction must arrange itself to produce the correct 
amount of light. Furthermore, if one has a different system, same M tot bat a dif­
ferent Mhaio ' Mium ratio, it must produce the same amount of light as the first 
system, but clearly with a different stellar M/ L.  The argument above, that the 
darkiluminous ratio varies strongly with stellar M/ L  has very strong implications 
for star formation models.
What happens if the dark matter is baryonic? There are two ways to look at 
it. The first follows essentially the same path as the nonbaryonic model above, but 
here some other mechanism must be invoked which determines Mhaio ' M/um. The 
Mium fraction collapses as before and produces the correct amount of light for T to 
be constant. So again, the star formation knows about the halo.
The other way to look at it, again with baryonic dark matter, is if essentially all 
of the mass is involved in the collapse to some degree, and then the inner (disk) frac­
tion becomes luminous. If this mechanism is identical for all protogalactic systems, 
and scales with the total mass, then the star formation procedure determines the 
dark/luminous fraction. This would imply that the halo is most likely MACHOs, 
failed stars and the like.
Of the one nonbaryonic and two baryonic models, the last argument is the most 
aesthetically pleasing, but this is a far step from proving it. It requires the least 
input from external influences. The problems with the other two are clear. The 
question of how star formation could be strongly influenced by a halo is well beyond 
the scope of this thesis. One would also, perhaps, need to find a mechanism which 
determines the Mhaio • Mium ratio.
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7.3 B ey o n d  Spiral G a la x ies
What happens in galaxies beyond the sample limits here? At higher luminosities 
and with pressure, rather than rotational, support, he Elliptical galaxies. At the 
other end one finds dwarf galaxies and perhaps even globular clusters. Clearly if T 
is constant for spiral galaxies from 108 — 1011L@, it is then interesting to see is if 
these quite different systems follow a similar trend.
7.3 .1  E llip tica l G alaxies
The problem in going beyond spiral galaxies is that the definition of comparable 
parameters is very difficult. Ellipticals do not, for the most part, rotate. These 
systems are pressure supported, so the dynamically important velocity is the velocity 
dispersion.
Most ellipticals fohow an r 1/4 luminosity profile, and by fitting this and exam­
ining the luminosity curve of growth a total luminosity can be reliably determined. 
The diameter, is usually parameterised as A e, the half-light radius, or Dn, the ra­
dius within which the mean surface brightness is 20.75 mag/arcsec2 in B. Neither of 
these is strictly comparable to the isophotal diameter I derived for the spirals, but 
A e comes close, and is used here.
In Figure 7.6 I have plotted the logl^— log a relation for a sample of 6 clusters, 
containing 97 galaxies in total. The data comes from a paper by Dressier et al.( 1987) 
who examined these galaxies in detail for the various interrelationships of galactic 
parameters. The L — a relation is the functional equivalent of the Tully-Fisher 
relation for elliptical galaxies, also called the Faber-Jackson relation (Faber and 
Jackson, 1976).
Figure 7.7 shows the equivalent to the L /R  -  V relations for ellipticals, using 
L /A e — a. The fits for these, and the above, are listed in Table 7.2. The correlations 
are very strong; the improvement for Coma and DC2345 is striking. These correla­
tions are as strong as the Dn — a relations found by Dressier et al.. The slopes are 
also well constrained and cluster around a value of 1.11 ± 0.08 (unweighted mean). 
Thus one gets that
~i.il 4
- - -- -  = const. (7.10)
JL/
Dimensionally, this quantity is not a mass-to-light ratio; the exponent of a has 
to be 2.0. However, as noted earlier, it is not clear how the use of the half-light 
radius Ae affects the fits. I have tested the above relation for the Virgo cluster, using 
the isophotal radius D2 5  from R C 2, and found essentially the same result: a slope 
of 1.
This correlation is similar to the fundamental plane of Djorgovski and Davis 
(1987). While quoting it in terms of surface brightness, they find essentially the
212
DC2345
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P e rs e u s Coma
Figure 7.6: L — cr relations for 6 clusters of Elliptical galaxies
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Cluster Intercept Slope r cry
L — a
Virgo -9.02 ± 0.21 2.00 ± 0.10 0.27 0.87
Fornax -7.82 ± 0.60 1.43 ± 0.27 0.17 0.76
Perseus -11.37 ± 0.43 2.46 ± 0.19 0.29 0.76
DC2345 -10.20 ± 0.32 1.80 ± 0.15 0.34 0.75
A2199 -9.85 ± 0.41 1.57 dh 0.18 0.40 0.52
Coma -10.42 ± 0.25 1.98 ± 0.11 0.29 0.76
b103
•5"
Virgo -8.78 ± 0.21 1.08 ± 0.10 0.10 0.94
Fornax -9.46 ± 0.60 1.36 ± 0.27 0.09 0.91
Perseus -10.03 ± 0.43 1.31 ± 0.19 0.15 0.76
DC2345 -9.24 ± 0.32 0.88 ± 0.15 0.07 0.95
A2199 -9.87 ± 0.41 1.10 ± 0.18 0.13 0.79
Coma -9.24 ± 0.25 0.93 ± 0.11 0.06 0.95
Table 7.2: Fits for the L — a and L / A e — a relations for elliptical galaxies.
same result when converted to the a — D — L system, but actually get a slope much 
closer to 2. The radius they used was the r e of the de Vaucouleurs r1/4 law.
It must be remembered here and in the following sections that, for these systems, 
the quantity a2R / L  is only dimensionally a mass-to-light ratio (within a factor 
of G). Unlike the result for the spirals, this is not a global M/X, but rather a 
characteristic M/X ratio. It is quite possible though that there is only a numerical 
constant factor difference between the two.
7.3.2 D w arf G alaxies
The study of dwarf galaxies has become very active over the last decade, and also 
very contentious. The smallest dwarf systems observed are in the Local Group, so 
close that many of them can be partially or even fully resolved. The determination 
of their global parameters is difficult; for example total luminosities might be based 
only on star counts, and velocity dispersions are derived from a handful of individual 
stars.
In Table 7.3 I have collected the data for 20 dwarf galaxies. These include Dwarf 
Ellipticals, Dwarf Spheroidals and Low Luminosity Ellipticals. The nomenclature 
is argued over nearly as much as the data itself. At the high luminosity end some 
of these galaxies are in rotational equilibrium, while at the low end their internal 
motions appear to be totally random. The diameters used here are tidal radii.
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Figure 7.7: L / A e — cr relations for 6 clusters of Elliptical galaxies
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Dwarf Galaxy log L  (B) log rt (kpc) log a ( kms *) Ref.
NGC 4168 10.67 0.80 2.28 1
NGC 2694 10.07 0.11 2.16 1
NGC 5846A 9.63 -0.48 2.23 1
NGC 4515 9.59 0.17 1.95 1
NGC 3641 9.55 0.03 1.95 1
IC 767 9.19 -0.28 1.72 1
IC 794 9.19 0.42 1.72 1,2
NGC 4468B 9.15 -0.68 1.74 1
NGC 4467 8.87 -0.38 1.81 1
VCC 351 8.83 -0.13 1.81 1,2
NGC 205 8.43 -0.11 1.48 1,2
M 32 8.39 -0.87 1.90 1
NGC 185 7.99 -0.24 1.34 2
NGC 147 7.87 -0.19 1.34 2
Fornax 6.99 -0.15 0.85 1,2,3
Sculptor 6.37 0.08 0.78 3
Leo II 6.11 -0.19 0.60 4,5
Carina 5.69 -0.22 0.74 3
Draco 5.33 -0.35 1.04 3
Ursa Minor 5.33 -0.05 1.00 3
1 - Bender and Nieto, 1990
2 - Bender, Paquet and Nieto, 1991
3 - Freeman, 1986
4 - Held, de Zeenw, Mould and Picard, 1992
5 - Zaritsky, Olszewski, Schommer, Peterson and Aaronson, 1989
Table 7.3: Data from the literature for 20 dwarf galaxy systems
216
10
6
0.5 1.5 2 2.5
log a
Figure 7.8: L — a relation for 20 dwarf galaxies
Figure 7.8 shows the traditional Faber-Jackson (L — a) relation for all 20 galaxies, 
with a good correlation
log L = (2.88 ±0.04) log a + (3.79 ±0.07) oL = 0.61 (7.11)
5
The two lowest luminosity points (with log a ~  1.0) are Draco and Ursa Minor, 
two systems very close to the Galaxy and completely resolved. Refitting the dwarfs 
without these 2 yields
log Tß= (2.55 ± 0.05) log(7 + (4.45 ±0.08) aL = 0.37 (7.12)
a decidedly stronger correlation. I then included the tidal radius as before. Figure 7.9 
plots the LIT-t — <7 trend for all 20 galaxies with the galaxies labelled. The fit to the 
sample, excluding Draco and Ursa Minor is
log X /rt = (2.44 ± 0.05) log cj ± (4.76 ±  0.08) crL = 0.35 (7.13)
?
plotted in Figure 7.10
It is interesting to see that there are 4 galaxies well away from the trend. These 
are Carina, Sculptor, NGC 4468B and IC767. Carina and Sculptor be quite close to 
the Galaxy, while NGC 4486B is very close to M87. To see the effect these galaxies 
had on the fit I excluded these as web. The 14 remaining galaxies then yield a very 
tight correlation (Figure 7.11)
log L^rt = (2.13 ± 0.06) logcr + (5.26 ±0.10) crL = 0.13 (7.14)
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Figure 7.10: L j r t — cr relation for 18 dwarf galaxies
ß
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Figure 7.11: L /r t — er- relation for 14 dwarf galaxiest
More importantly, the slope is very close to 2:
^ 2 . 13^
Z — Const. — T dwar f (7.15)
Tg
where T dwarf is a characteristic M /L  for these systems (assuming that the slope is 
actually 2.0). This result is very reminiscent of the spiral galaxies. Unfortunately it 
is not clear if these M /L  ratios are comparable, i.e. is Tdwarf — T sptra/. Whether 
they are or not, it would be a fascinating result either way.
7.3.3 Globular C lusters
Buoyed by the results for the dwarf galaxies, I examined what happens on even 
smaller scales. Globular clusters range from 103 — lO6L.0with tidal radii of order 
10-100 pc, and velocity dispersions mostly below-10 km s-1 . Figure 7.12 shows the 
Ly— cr relation for 147 Galactic globular clusters. The data comes from Webbink’s 
(1985) collation. There is a good correlation
logZ^= (1.50 ±0.03)logcr±  (3.80 ±0.02) aL = 0.32. (7.16)
By introducing the tidal radius, the correlation becomes much stronger (Figure 7.13)
log LJrt = (1.71 ±0.03) log<7 ± (2.16 ±0.02) aL = 0.12. (7.17)
The strength of this correlation has two implications. First, it can be used as 
a distance indicator for globular clusters in comparison to the current variety of 
photometric and model dependent approaches (see e.g. Harris (1976)). In this case
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there is an improvement in the distance determination over the L — a relation for 
globular clusters, as the dispersion is reduced to nearly one third. In Figure 7.14 I 
have plotted the data for 6 globular clusters around the Fornax dwarf galaxy. The 
luminosity is calculated from (m app/ — 2.5) and rt is in arcminutes. The free fit is
log LJrt = (1.51 ± 0.17) log a -  (6.39 ±  0.10) aL = 0.10 (7.18)
but by forcing the slope to be 1.71 as in Equation 7.17, the intercept is found to 
be —6.49 ± 0.10. The conversion of Equation 7.17 to use apparent units and the 
distance yields
-2 .5
log rt = 1.71 log a ± ( 2.16 — [ V , ® -  2 + log
60 x 180
-  log pc) 
(7.19)
where MV)® = 4.83 is the absolute magnitude of the Sun in V . A different passband 
would need a different calibration (Equation 7.17) first, and appropriate changes in
the above equation. Substitution yields
~ logr< = 1-71 logo- -  1.31 -  logd(pc)
and solving for d suggests
(7.20)
dFom axDG = 1 5 1 1 g  k P C (7.21)
(the errors in d are based on the error in the intercept). This agrees quite well with 
other determinations: d = 131 ± 15kpc (Buonanno et al., 1985) and d = 147kpc 
(Webbink, 1985). With an approximately 20% uncertainty (due to only having 6 
globular clusters in the fit) it suggests that this could be a useful backup distance 
indicator to compare with other techniques for parent galaxies close enough for their 
globular clusters to be measured.
The other implication is found by plotting the globular clusters and dwarf galax­
ies together. In Figure 7.15 the globular clusters are plotted as solid circles, the 
dwarfs as open circles. Recall that the dwarf data were measured in B  while the 
globular clusters were measured in V. The fits are the individual fits to the two 
groups, the fit for the dwarfs based on the best 14. The trends are very similar, but 
appear to be offset. Combining the two groups leads to a somewhat unconvincing 
fit
log I J Tt = (2.11 ± 0.02) l o g +  (1.93 ±0.02) aL = 0.29 (7.22)
In both groups, the uncertainties at the low a end are likely to be large. If the slopes 
are set to 2 exactly, i.e. the dwarf slope becomes shallower and the globular cluster 
slope becomes steeper, then one finds a clear offset between them (Figure 7.16). The 
intercept for the clusters is 1.97 ±0.02 and for the dwarfs 2.48 ±0.10. This difference
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Figure 7.14: LJrt — a relation for the 6 globular clusters around the Fornax Dwarf 
Galaxy
in the characteristic M /L  may be artificial, perhaps due to a strong colour difference 
in these systems, or a different kinematical arrangement, or it may be real. If the 
latter, this may lead to an explanation as to why these systems are so similar and 
yet disimilar. If on the other hand the offset is only due to colour, it means that 
globular clusters and dwarf galaxies lie on the same line - implying that they have 
very similar dynamics, and yet some other mechanism separates the two types. It is 
very interesting to note that as one moves towards higher a systems in Figure 7.15 
one also moves towards systems with larger galactocentric radii. Globular Clusters 
are much more strongly influenced by the Galactic potential well than the Dwarf 
galaxies are, at this time.
Figure 7.15 also strongly indicates that Draco and Ursa Minor, and to a lesser 
extent Carina and Sculptor, are quite discrepant. Whether these discrepancies are 
real, due to different values of T, or due to tidal effects of the Galaxy, or perhaps due 
to the large uncertainties in their parameters remains to be seen. One possibility may 
be have been suggested by Kuhn and Miller (1989). They proposed that interactions 
with the tidal field can “pump up” the dwarf galaxy, heating it i.e. increasing its 
velocity dispersion. This will of course lead to the eventual disruption of the dwarf 
galaxy. The critical quantity is the ratio of the half-orbital period of the dwarf 
about the Galaxy to the internal “pulsational” timescale of the dwarf. The values 
for Draco and Ursa Minor are close to 1, for Carina and Sculptor they are close to 
2, for Fornax and Leo II the ratios are greater than 3. There appears to be a strong 
correlation between the degree of discrepancy from the mean line and this ratio.
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NGC 4486B also lies very close to M87, but there appears to be no data to see how 
it fits into this scheme.
7 .4  In  c lo s in g
The results of this Chapter have led towards a much broader field than the pre­
vious Chapters. The constancy of the global (or characteristic) M / L  ratio across 
any particular type of stellar system is by itself already surprising. The suggestion 
that systems as small as globular clusters (103Lq ) up to large spirals, and perhaps 
Elliptical galaxies (> 1011Lq ) may all lie on the same trend, or perhaps comparable- 
yet-offset trends is even more surprising. It suggests that stellar systems spanning 
over 8 orders of magnitude may have a lot more in common than previously sug­
gested; they may have shared very similar origins, but some other mechanism has 
led distribution of types we see now. The implications of the constancy of the global 
M /L  for the formation of spiral galaxies may also apply to the other systems. The 
most aesthetic argument suggests that the galactic dark matter is baryonic and that 
the galactic star formation scenario determines the dark to luminous ratio. If this 
is not the case, one needs to understand how star formation could be very strongly 
influenced by a dark halo, and also, if dark matter is baryonic, what then determines 
the dark/luminous ratio.
It is interesting that globular clusters, dwarf galaxies and spiral galaxies exhibit 
a characteristic M /L  ratio, but the Elliptical Galaxies lay on a slightly different 
system when I used the half-fight radius. By using a different radius (the re from
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8Figure 7.16: L/ r t — cr relations for the Globular Clusters and the Dwarf Galaxies, 
with slopes fixed at 2.0 J 1 J
the r 1/4 law fit) they also fall onto the same system. It is not clear at all which type 
of radius one should use in the pressure supported systems. This is a question well 
beyond the scope of this thesis.
The existence of strong correlations in the L — R — a system (or variations 
thereof) is not a new result, but its interpretation as a characteristic M / L  has not 
been suggested before. If the global mass-to-light ratio is strongly linked to this 
characteristic Mj L  it would imply a strong link between the dark halo in which the 
system formed and the type of system that resulted.
The results here also suggest that the variety of distance indicators based on 
luminosity and kinematics all have the same origin, dependent on the mechanisms 
of galaxy formation and evolution, and star formation. It thus appears to be possible 
to apply the same distance indicator for all types of stellar systems, from globular 
clusters, up to elliptical galaxies.
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C h ap ter  8
S u m m a ry , a n d  F u r th e r  W o rk
As noted earlier, dark matter appears to be pervasive on almost all scales of as­
trophysics, from stellar evolution to cosmology. Yet, given its importance, little is 
known about its behaviour. This is due in part to a lack of accurate kinematic and 
photometric data for a large sample of data. The analysis is difficult and the uncer­
tainties are large. By using a large sample it is possible to reduce the uncertainties 
by statistical means.
In this thesis I have presented the results of an analysis using the full 1355 
galaxy sample of Mathewson, Ford and Buchhorn (1992), or a subset thereof, of 582 
galaxies. All of the sample galaxies had 2D I  band CCD photometry, as well as 
major axis rotation curves using the galactic Ha emission. I also obtained extended 
Hi  rotation curves using the Parkes 64m telescope at 21cm, combining these with 
the optical data. For each of the 582 galaxies I have derived the global luminous 
parameters (Total Luminosity, Central Surface Brightness, Scalelength, Diameter 
and Morphological Type) as well as generating a model rotation curve, using the 
Toomre (1963) thin disk approach. The distance to each of the galaxies was derived 
using the Tully-Fisher relation.
The various correlations between the galactic parameters were examined. Many 
of them were due in part to the existence of the exponential disk, which was quite 
a reasonable model for most of the galaxies in the sample. The kinematics of the 
disk were strongly correlated with the luminous parameters of the disk, suggesting 
that the disk has to make some appreciable contribution to the total dynamics. The 
dynamics can not be totally determined by the halo alone, at least for the galaxies 
in this sample.
The model rotation curves were then fitted to the observed rotation curve, using 
a variety of approaches. Initially just the disk model alone was fitted, and it became 
immediately apparent that many galaxies were very badly fitted, while others showed 
superb agreement. This was shown by fitting small, localised features (“bumps” and
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“wiggles”) in the rotation curve. By quantifying the quality of the fit, I was able to 
show that there were strong regularities in the quality with galactic parameters, such 
as luminosity. Clearly some other mechanism was required to explain the problems 
in fitting the fainter galaxies.
I then included a halo with a pseudo-isothermal density profile with the disk 
model rotation curve in the fits. These ranged from a totally free fit, where the 
disk M/ L  and the halo po and rc were totally unconstrained, to models where 
the disk was free and the halo was constrained, and finally to a model where the 
disk contributes as much as it can in the inner parts without exceeding the data 
anywhere. Then a model halo is fitted to the residuals. This last approach is the 
Strict Maximum Disk (SMD) model. Surprisingly perhaps, the overall trends in the 
disk M/ L  with galactic parameters were quite similar irregardless of which approach 
had been used. The SMD model had two advantages though. First, it suffered 
only a little from numerical vagaries and noise in the data, unlike the simplistic x 2 
techniques. Secondly, for the brighter/larger galaxies, the SMD model was in fact 
the only model to provide a reasonable fit. The totally free models agreed exactly 
with the SMD result. For fainter galaxies this became less common, so little could 
be said about the validity of SMD at low luminosities. However, if the SMD model is 
not correct, the discrepancy between observed and expected rotation curves becomes 
even larger for the fainter galaxies.
Having calculated the disk M/ L  and the halo parameters, po, r c and the total 
mass (to some finite radius), I then examined the various correlations between them. 
There are clear trends for the halo to become more massive for the brighter, larger 
galaxies, but the dominance of the halo varies in the opposite sense. The smaller 
and fainter the galaxy, the more dominated it is by its dark matter halo. For the 
faintest galaxies here, the ratio of halo mass to disk mass was of order 4, while the 
brightest galaxies had a ratio close to 0.5. The density and core radius of the halo 
varied in a similar sense. The density became higher, and the core radius shorter as 
the luminosity decreased.
There was little correlation between the Central Surface Brightness and the halo 
parameters, but the scalelength was strongly correlated with the core radius, with a 
slope of 1. Even more surprisingly, there was a very strong correlation between the 
halo/disk mass ratio and the disk M/ L  ratio, suggesting that the star formation in 
the disk is very strongly aware of the halo, or the halo is determined in part by the 
star formation. This is discussed again below.
The numerical values for the correlations allowed me to predict what should 
happend for systems outside the sample limits, such as dwarf galaxies. While the 
uncertainties were large, the agreement was in general quite good. The observations 
and analysis of these smaller systems is quite difficult though, so it is not clear if the
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predicted values are in error (overestimating) or the values derived from observations 
are in error. This remains to be seen.
I then examined the Global Mass-to-Light, T, derived from the total mass 
(dark plus luminous) divided by the total light, and both determined at a constant 
isophotal radius. This was calculated from
GLtot
The distribution of values turned out to be surprisingly narrow. I checked whether 
this had been caused by my use of the Tully-Fisher relation as a distance indicator, 
by examining the apparent values for a sample of galaxies in clusters, and they 
showed not only that this result was real, but the implication was that T was in fact 
a constant across the full sample of galaxies. This surprising result led to further 
conclusions. Firstly this constancy, together with the Luminosity-Diameter relation, 
explains the correlation between luminosity and linewidth, i.e. the Tully-Fisher 
relation. The slopes derived for a cluster using T were more consistent from cluster 
to cluster than the TF, and the scatter was less (even with an extra observable), 
but it unfortunately did not yield an improvement as a distance indicator.
Secondly, the constancy of T implies that at a given luminosity, the entire galaxy 
must have a particular total mass. Some other mechanism must then decide how 
to divide this total mass into dark and luminous fractions. This suggests that the 
star formation in the disk is strongly dependent on the halo mass, or even that the 
star formation determines the halo mass: If dark matter is non-baryonic then that 
determines the halo/disk mass ratio, and the star formation must produce the correct 
amount of light. If all the mass is baryonic, then perhaps some external mechanism 
determines the halo/disk fraction, and again the star formation procedure must be 
aware of the halo mass. Otherwise, one could suggest that the star formation and 
halo/disk ratio mechanism are strongly linked, i.e. that the star formation procedure 
actually determines the halo mass. Of the three, the latter is the most aesthetically 
pleasing, but that cannot be taken as proof.
It should be noted that the strongest correlations appear to involve the global 
parameters (Total Luminosity, Diameter, Linewidth), rather than the more struc­
tural parameters such as CSB and scalelength, making allowances for the greater 
uncertainties in deriving these quantities. It is perhaps possible that while galaxy 
formation determines the global parameters, it is the evolutionary history of the 
galaxy (such as tidal torques and star formation history) that determines the struc­
tural parameters.
I then examined what happens to T in systems well outside the sample here, 
using published data. I looked at Elliptical galaxies, Dwarf galaxies and Globular 
clusters. Unfortunately in each case it is very difficult to determine the global M /L,
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but I could calculate a characteristic M /L  using velocity dispersions and tidal radii.
Dwarf galaxies appeared to follow a very similar trend to that of the spiral 
galaxies, i.e. that T dwarf was also a constant, but it was impossible to tell, with 
current data, if dwarf galaxies and spiral galaxies have the same value for T. This 
result can also be used as a distance indicator for these dwarf systems, except for 
the very nearest dwarfs. In these cases it may be possible that the tidal interaction 
with the Galactic potential heats these dwarfs, and causes them to stray from the 
expected line.
For globular clusters I again found a very similar trend, although the power 
law was not quite as expected but slightly shallower. However, there were two 
good results here. First off the relation appeared to be very similar to the dwarf 
galaxies, but slightly offset. Again, due to lack of data, I cannot tell if this is due 
just to a colour difference between the two types of systems, or if it reflects a true 
difference in the global M / L. The other result is that the distribution is as tight as 
that for the spiral galaxies, suggesting that this can be used as a distance indicator 
for globular clusters. I tested this for 6 clusters around the Fornax dwarf galaxy 
and determined its distance at around 150 kpc, in excellent agreement with other, 
independent determinations.
Elliptical galaxies behaved somewhat differently than expected, showing a strong 
correlation (as tight as the traditional Dn — a distance indicator) but with a much 
shallower slope than expected, using the half-light radius as the diameter. A com­
parison using re from a de Vaucouleur r 1/4 fit to the photometry led to a slope much 
closer to that of the globular clusters, dwarf galaxies and spiral galaxies.
It does appear to be the case that the global mass-to-light ratio is a very funda­
mental quantity for all systems ranging from globular clusters to elliptical galaxies, 
a range of over 8 orders of magnitude.
Further W ork
There are two main lines of research that can be immediately followed from 
this thesis. First off, the fitting of rotation curve models to the data needs to be 
improved, probably making it totally interactive. This would greatly reduce the 
scatter due to noise in the data. Furthermore, more data, especially at the high 
and low luminosity ends of the sample would allow even better determination of 
the correlations between galactic parameters and halo parameters. It would also 
perhaps allow one to investigate second-order effects, such as determining if any of 
these trends are non-linear.
The other line of research would look at the constancy of T for systems outside of 
the sample here. This would require a uniform database of /  band photometry, say,
228
rather than the mixture of B and V  currently in the literature. It would perhaps also 
need a more uniform definition of radii, rather than the mixture of tidal radii and 
half-light radii now in use. It also would need information on the radial variation 
of luminosity and velocity dispersion in these systems, to accurately compare the 
different results for globular clusters, dwarf galaxies and elliptical galaxies.
Given such a database it may be possible to compare the values of T for the 
full range of systems. It may also be useful to attempt this for galaxy clusters, 
and to see how/if environmental effects play any role. These results could produce 
very strong constraints on galaxy formation models, and would perhaps also require 
analysis of star formation and disk evolution models. It will be interesting to see 
what, if anything, the MACHO detection project at Mt Stromlo detects. As noted 
earlier, the stellar content of the luminous disk and the dark halo mass are strongly 
correlated, and its explanation is sensitive to the nature of dark matter.
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A p p en d ix  A
D isk  m odels fits
This appendix presents the fits to the rotation curves using just the disk model 
alone. The derivation of the model and appropriate M / L  scaling is discussed in 
Chapter 5. The fits are mainly constrained by the points in the outer regions, and 
as such the inner regions show the greatest difference between the expected and 
observed rotation curves. Note that the data is the full major axis rotation curve 
going both sides of the nucleus. The model, on the other hand, is calculated from 
the GASP major axis profile, and is symmetric about the nucleus.
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This appendix presents the actual fits to the rotation curve data for the sample of 582 
galaxies. These models are described in detail in Chapter 5. Each galaxy occupies 
one line on the page. Each panel shows the disk rotation curve (dashed line), the 
halo rotation curve (dotted line) and the sum (solid line). The left panel shows the 
fit using the SMD M / L  and an unconstrained halo. The right panel shows the fit 
with SMD M / L  and the constrained halo, i.e. where the halo asymptotic velocity 
must match the maximum velocity measured within the optical disk. This approach 
agrees with the result from 21cm observations (see Chapter 2) that rotation curves 
remain'flat for as far out as they can be observed.
The central column gives the galaxy name, as well as the values for the halo 
parameters using the two approaches. The central density is in MQ/pc3and the core 
radius is kpc.
The fits in this Appendix are derived by an automated technique. It has been 
shown (Chapter 6) that this is not always reliable, so a later improvement will be 
to fit these rotation curves interactively, filtering out the effects of noise.
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Core radius
6.0 2.6
351-G 18
Central density  
0.048 0.069
Core radius  
3.0 2.2
200
1 ' 1 ' 1 • 1 ' 1
C en tra l d e n s ity  
0.074 0.103
200
I ' 1 ’ 1 1 ' 1
•
0
------------
- Core ra d iu s  3.0 1.8 0
------------~ '± £ r
-
-2 0 0 -2 0 0 1 . 1 . 1 . 1 . 1
- 4  - 2  0
CM
352-G 14
l io o 2 4
200
0
' 1 ’ 1 ’ ’ I 1 ’
C en tra l de n s ity  
0.023 0.017
Core ra d iu s  
5.3 7.1
200
0
-2 0 0
"■••••.A
:  b
J T -  -  ”  *
-2 0 0 •
* . i . . . . i . •
-1 0  0 10
352-G 15
-1 0  0 10
200
. . . . 1 . . . .
C en tra l de n s ity  
0.164 0.038
200
--------» * * v *
0
W j . . . . . .
Core ra d iu s  
1.0 3.1 0
'  -  -#■'■*'—
,
-2 0 0 _ -2 0 0 . . . . 1 . . . .
352-G 27
200
C en tra l d e n s ity  
0.021 0.006
Core ra d iu s  
4.0 12.9
352-G 53
C en tra l d e n s ity  
0.180 0.040
Core ra d iu s  
1.5 6.1
- 5
-2 0 0
- 2 0 0
353-G 2
200
C en tra l de n s ity  
0.082 0.020
Core ra d iu s
1.3 4.7 0
- 2 0 0
353-G 26
C en tra l d e n s ity  200 
0.064 0.062
Core ra d iu s
3.0 3.1 o
- 2 0 0
-1 0  - 5  0 5 10
- 5  0 5
354-G 17
200
C en tra l de n s ity  
0.147 0.006
200i!
t j* *****..... ''v
0 v  ■
1.0 13.9 0
......... \ V---...
-2 0 0
X ______'
-2 0 0 • •
| . . . .  1 . . . .  1 1 1
- 1 0 0 10 - 1 0  0 10
-200
354-G 46
C en tra l de n s ity  
0.197 0.074
Core ra d iu s  
1.5 3.6
-200
- 2 0 0
354-G 47
C entra l d e ns ity  
0.157 0.009
Core ra d ius  
1.0 11.1
-2 0 0
355-G 28
200
-200  -
- 5
C e n tra l d e n s ity  200 
0.112 0.030
Core ra d iu s
1.0 3.2 n
- 2 0 0
357-G 19
C e n tra l d e n s ity  
0.138 0.145
Core ra d iu s  
1.7 1.6
357-G 3
len tro l d e n s ity  
0.060 0.070
Core ra d iu s  
2.5 2.2
358-G 17
C e n tra l d en s ity  
0.198 0.756
Core ra d iu s  
4.9  1.5
358-G 56
C en tra l d e n s ity  
0.111 0.075
Core ra d iu s  
1.5 2.4
38-G 19
C en tra l d e n s ity  
0.026 0.014
Core ra d iu s  
4.8 8.9
363-G 23
C e n tra l d e n s ity  
0.150 0.048
Core ra d iu s  
1.0 3.2
365-G 28
200
-2 0 0
C en tra l d e n s ity 2000.053 0.033
...........^  : Core ra d iu s  3.3 4.8 o f ' ~ .......^  :
; - 2 0 0 V T ;-.-:
- 1 0 - 1 0
365-G 31
Central d e n s ity  
0.041 0.034
Core ra d iu s  
4.8 5.5
368-G 9
Central d e n s ity  
0.198 0.116
Core ra d iu s  
1.0 1.9
373-G 12
le n tra l d e n s ity  
0.119 0.048
Core ra d iu s  
1.0  2 .2
373-G 29
le n tra l d e n s ity  
0.19B 1.075
Core ra d iu s  
2.5 0.6
374-G 10
len tra l d en s ity  
0.193 0.111
Core ra d iu s  
1.5 2.4
374—G il
C en tra l d en s ity  
0.198 0.421
Core ra d iu s  
2.0  1.0
374-G 27
20 0
0
-200
-400
40 0
t
C en tra l d e n s ity  
0.135 0.008
400
200 - ----------
T .•*•*
- 1.8 14.9 0 : . . . . . f . .  :
- - 2 0 0
-y . . .  1 . . . .  1 . . - 4 0 0
- 1 0 - 1 0
374-G 29
Central d e n s ity  
0.173 0.106
Core ra d iu s  
1.6 2 .4
375-G 12
C e n tra l d e n s ity  
0.194 0.016
Core ra d iu s  
1.5 12.2
375-G 2
le n tra l d e n s ity  
0.150 0.083
Core ra d iu s  
1.5 2.5
375-G 47
le n tra l d e n s ity  
0.137 0.166
Core ra d iu s  
1.5 1.2
377-G 10
C en tra l d e n s ity  
0.198 0.499
Core ra d iu s  
2.0 1.3
-2 0 0
377-G 20
C en tra l d en s ity  
0.185 0.501
Core ra d iu s  
2.0  1.0
-2 0 0
377-G 31
200
-200
- 1 0  - 5  0
200
I 1 I 1 i 1 r
-200
200
- 2  0
0
-2 0 0
- 4  - 2
C en tra l d e n s ity  200 
0.152 0.043
Core ra d iu s  
1.5 4.1 0
-200
-1 0
38 -G 12
le n tra l d e n s ity  
0.179 0.098
Core ra d ius  
1.5 2.4
380-G 14
le n tra l d e n s ity  
0.068 0.028
Core ra d iu s  
2.4 5.2
380-G 2
C en tra l d e n s ity  
0.177 0.118
Core ra d iu s  
0.5 0.8
380-G 29
C en tra l d e n s ity  ^00 
0.068 0.086
Core ra d iu s  
1.5 1.2 0
-2 0 0
382-G 4
C en tra l d e n s ity  200 
0.177 0.225
Core ra d iu s
1.0 0.8 n
-20 0
383-G 2
le n tra l d e n s ity  
0.198 0.012
Core ra d iu s  
1.0 8.7
383- G88
- 5
200
- 2 0 0
- 1 0  - 5 0  5 10
0.162 0.023
Core ra d iu s  
1.0 5.0
385-G 12
C en tra l d en s ity  
0.022 0.023
Core ra d iu s  
4.0 3.6
386-G 43
C en tra l d e n s ity  
0.198 0.282
Core ra d iu s  
4.0 3.0
386-G 44
C en tra l d e n s ity  
0.173 0.010
Core ra d iu s  
1.0 8.1
388-G 6
C en tra l d e n s ity  
0.036 0.017
Core ra d iu s  
2.9 5.4
20 0
-200
-10 - 5
386-G fl
C en tra l d en s ity  
0.198 0.107
Core ra d iu s  
2.0 3.6
387-G 26
C en tra l d e n s ity  
0.189 0.010
Core ra d iu s  
1.5 12.0
38 7 -G 4
C en tra l d e n s ity
200 - 0.193 0.030 200
0
['•••••.....
-
ra d iu s  
1.5 6.6 0
:  \ ...........  :
200 _ -2 0 0
- 5
396-G 7
C e n tra l d e n s ity  
0.193 0.000
Core ra d iu s  
1.0 10.5
4 -G 1 9
le n tra l d en s ity  
0.150 0.080
Core ra d iu s  
1.5 2.0
400-G 21
le n tra l d e n s ity  
0.030 0.018
Core ra d iu s  
3.5 6.3
200
-----------V 5—
C e n tra l d e n s ity  200
0.049 0.015
0 X Core ra d iu s  2.0 4.7 o ...............................-
-2 0 0 -2 0 0 . i . . . .  i . . . »  i . . . .  i i  *...
- 2 0  - 1 0  0 10
400-G 5
-2 0  - 1 0  0 10
200 C en tra l d en s ity  ?nn
0.122 0.003
0 ' ^ r  ^  ■ 1.0 16.3 o ■ c f  -....... :-2 0 0 -2 0 0
1 . . . .  1 . . . .  1 . i . .  1
- 1 0  0 10 20 - 10  0 10 20
401-G 3
0
-200
-400
200
C en tra l d e n s ity ------- -- •
0.198 0.023 200
Core ra d iu s  
1.5 7.6 0
■ ’
-2 0 0
-4 0 0
, .**W --------
-1 0 -1 0
403-G 16
C en tra l d e n s ity  
0.198 0.206
Core ra d iu s  
2.0 2.1
403-G 31
C en tra l de n s ity  
0.038 0.036
Core ra d iu s  
1.5 1.6
404-G 31
C en tra l de n s ity  
0.147 0.029
Core ra d iu s  
1.0 3.6
405-G 5
C en tra l de n s ity  
0.179 0.015
Core ra d iu s  
1.0 8.7
407-G 9
C entra l de n s ity  
0.032 0.041
Core ra d iu s  
3.0 2.2
41 -G 6
Jentral de n s ity  
0.035 0.055
Core ra d iu s  
4.7 2.2
410-G 19
200
0
C en tra l d e n s ity  
0.181 0.227
Core ra d iu s  
2.0 1.8
200
0
, . . , . . . 1 
.....------------ -
.........  1 ............. :
-2 0 0 -2 0 0 *
- 5  0 5 - 5 0 5
-2 0 0
41 1 -G lO
C en tra l d e n s ity  20® 
0.198 0.108
Core ra d iu s
1.0 1.9 o
-2 0 0
- 4  - 2  0 2 4
411-G 3
C en tra l d e n s ity  
0.092 0.031
Core ra d iu s  
2.3 5.9
412-G 21
C en tra l d e n s ity  
0 .010  0 .020
Core ra d iu s  
21.5 7.8
413-G 14
C en tra l de n s ity  
0.050 0.032
Core ra d iu s  
5.9 8.8
- 2 0 0
414-G 25
C en tra l d e n s ity  
0.173 0.040
Core ra d iu s  
1.5 4.5
-2 0 0
414-G 8
200
-2 0 0  -
r ■ i ' I ■ I
I . I
- 2  0
C entra l d e n s ity  200 
0.057 0.048
Core ra d iu s
1.0 1.2 n
-2 0 0
I . i
415-G 15
C en tra l d e n s ity  
0.190 0.009
Core ra d iu s  
1.0 11.9
415-G 28
C en tra l d e n s ity  
0.053 0.036
Core ra d iu s  
2.2 3.3
416-G 20
C en tra l de n s ity  
0.195 0.029
Core ra d iu s  
1.5 9.2
416-G 28
C en tra l d e n s ity  
0.198 0.084
Core ra d iu s  
1.0 2.4
416-G 33
C en tra l de n s ity  
0.094 0.034
Core ra d iu s  
1.5 3.4
416-G 37
C en tra l de n s ity  
0.127 0.006
Core ra d iu s  
1.0 13.2
418-G 41
0
-200
200
• C en tra l d e n s ity  
0.008 0.011
Core ra d iu s  
21.4 10.2
200
0
t
J _ l ___1___1— 1___1___1___1___1___l_ i___1___1_J___L_
- 1 0 - 1 0
417-G 18
le n tra l de n s ity  
0.195 0.120
Core ra d iu s  
1.5 2.2
418-G 1
le n tra l d e n s ity  
0.098 0.100
Core ra d iu s  
2.0 2.0
200
* 1 '  ! '  I
C entra l d e n s ity  200
0.041 0.057
Core ra d iu s
3.8 1.6 o
'  1 ' 1 '  1
•  A  •
0
-2 0 0 _ -2 0 0
- 2  0 2
418-G 9
- 2  0 2
200
'  1 '  1 '  1
C entra l d e n s ity  200
0.108 0.077
Core ra d iu s
1.0 1.4 o
1 1 '  1 '  1
0 * •
-2 0 0
. 1 . 1 . 1
-2 0 0
. 1 . I . 1
200
’ 1 ’ ’ ’ ’ 1 1 ’ ’ ' 1 ’ ' ’ ' 1 '  ' ' '
C entra l d e ns ity  
0.074 0.046
200
1 . . . . . . . . . . . .  .
_____—»
0
Core ra d iu s  
2.3 3.4 0
«  _ _ _ ;
- .......................J '
.....
200 -2 0 0
;
-1 0  - 5  0 5
419-G 4
-1 0  - 5 0 5
C en tra l d e ns ity  
0.061 0.031
Core ra d iu s  
2.8 5.1
200
-2 0 0
m
'
-
-1 0  - 5
42 -G lO
200
-2 0 0
C entra l d e n s ity
0.081 0.087 200
Core ra d ius
4.3 3.9
0
- - -
-2 0 0
10 - 5  0 5
42 -G 3
10 - 5  0 5
C en tra l d e n s ity  
0.191 0.006
Core ra d ius  
1.0 15.2
420-G 3
C entra l d e n s ity  
0.010 0.017
Core ra d iu s  
16.3 6.5
200
. | . . . .  , i . . .  |
• C entra l de n s ity  
0.105 0.023 200
1 | 1 1 1 1 | | .
— • * a _1 ~
0 \
Core ra d iu s  
2.0 7.3 0 -
....... A
V . . . . .  :
200 v * ^ -  _____-  - : -2 0 0 - - _ -  \  ~
. 1 . . . .  1 . . . .  1 . .
200
0
-2 0 0
-4 0 0
- 1 0  0 10
422-G 12
-1 0  0 10
, 1 . . . .  ! . . . .  ,
• C entra l de n s ity •
Core ra d iu s - ---------- - -  %
* \ 3.0 3.3 o
—  _ ................ /• 1 1 1 1 1 1 \ 1 1 1
-2 0 0 * S ^ * ? . * % .....-
•
. 1 . . . .  1 . . . .  1 -4 0 0
•
1 . . . .  1 . . . .  1
-1 0 - 1 0
422-G 23
C entra l de n s ity  
0.171 0.006
Core ra d ius  
1.5 15.9
427-G 14
C entra l d e ns ity  
0.132 0.085
Core ra d ius  
1.0 1.6
427-G 2
C en tra l d e n s ity  
0.058 0.062
Core ra d iu s  
4.7 4.2
-1 0  - 5 -1 0
4 3 -G 8
C en tra l d e n s ity  
0.013 0.007
Core ra d iu s  
6.8 16.9
200  -
0  -
-2 0 0  -
433—G10
C en tra l d e n s ity  200 
0.136 0.059
Core ra d iu s  
1.5 3.2 0
200
-2 0 0
- 5  0 5
433-G 15
- 5  0 5
1 ' ' ' 1 1 ' ' ' ' 1 
----
C en tra l d e n s ity  200
0.156 0.060
Core ra d iu s
1 * ' ' ' 1 1 ' ’ ' 1 
> 4 '"1.1 2.2 0
l . . . .  1 . . . .  1 . . -2 0 0 1 . . . . 1 . . . • 1 . . .
- 5
434-G 23
C en tra l de n s ity  
0.086 0.040
Core ra d iu s  
2.0 3.9
435-G 10
Central d e n s ity  
0.037 0.037
Core ra d iu s  
3.1 3.1
435-G 24
le n tra l de n s ity  
0.198 0.267
Core ra d ius  
2.0 1.7
4 3 5 -G 3 4
200 C e n tra l d e n s ity  200
0.153 0.064
'  . . - .  * \ Core ra d iu s ' - - - - - -
o 1.5 3.2 0
K . V  ’ ••••
■200 -2 0 0
- 5  0 5 - 5  0 5
-2 0 0
43 7 —GIB
C e n tra l d e n s ity  
0.025 0.045
Core ra d iu s  
6.3 3.1
-2 0 0
-2 0 0
437 -G 2 5
C e n tra l d e n s ity  200 
0.034 0.022
Core ra d iu s  
3.1 5.3 n
-2 0 0
- 5  0 5
437-G 31
C e n tra l d e n s ity  
0 .055 0.056
Core ra d iu s  
2.5 2.4
-2 0 0
437 -G 3 5
C e n tra l d e n s ity  
0.198 0.042
Core ra d iu s  
0.5 2.2
-2 0 0
200 C e n tra l d e n s ity  
0.046 0.038
200
. . , . |
Core ra d iu s
0 1.5 1.8 0
-  -  -  - n  - -
---* * » « * * * * z 1
-200
1 . . . .  1 . . . .  1
-2 0 0
1 . . . .  1
-
- 5  0 5
437-G 56
- 5  0 5
200
* ^ 4  -
C e n tra l d e n s ity  
0.197 0.164
200
0
p F - - — * " Core ra d iu s  
1.5 1.9 0 -
......*- - ■
-200 I--- -2 0 0
- 5  0 5 - 5 0 5
437-G 69
200
-2 0 0  -
C e n tra l d e n s ity  200 _ _
0.19B 0.133 ___
Core ra d ius •  JW'-s —  b  ^ ®--------........
........... ...... U iW  1*4 0 ..........
”  . . 1 . . . .  1 . . . .  1 » -2 0 0 ”  . . 1 . , , , 1 . . . . 1 . “
200
-2 0 0
200
-2 0 0
200
1 • ’ ■ ■ 1 ■ 1 . ■ l _ 200
C e n tra l d e n s ity  
0.043 0.069
1 ’  ■ •  * , * '  ’  ’ l _
Core ra d iu s
3.7 2.0 0
•
-2 0 0
•
1 . . . .  1 . . . .  1
- 5  0 5
438-G 15
- 5  0 5
. . . .  j  .  J J . . . . . . .  1
C en tra l d e n s ity  200
0.194 0.083
Core ra d iu s
W > - ..............
1.5 3.0 0
• . -2 0 0 • "  -
- 5  0 5
438-G 18
- 5  0 5
0
-200
C e n tra l de n s ity  
0.039 0.021
Core ra d iu s  
3.3 6.7
200
0
-2 0 0
-1 0  - 5 - 1 0
4 3 9 -G IB
C e n tra l de n s ity  
0.19B 0.495
Core ra d iu s  
4.0 2.2
200
-200
439-G 20
C en tra l de n s ity  
0.038 0.026
Core ra d iu s  
4.8 6.8
-1 0
439-G 9
C en tra l d e ns ity  
0.198 0.064
Core ra d ius  
2.0 5.1
44—Gl
200
, . , '  '  1 '  T T . | .
C e n tra l d e n s ity 200
0
Core ra d iu s  
1.8 1.6 0
- 2 0 0 - -2 0 0
- 5 0 5
4 4 2 -G 2 4
- 5  0 5
200
I . . . '  1 '  ' ' '
C e n tra l d e n s ity  
0.148 0.039
200
—  ^  •  -
Core ra d iu s  
1.0 3.3
0
% ........... -
0 .........................  -
-2 0 0 _ -2 0 0 i . . . .  l . . .
- 5 0 - 5  0
-2 0 0
443 -G 3 8
C e n tra l d e n s ity  
0.147 0.188
Core ra d iu s  
3.0 2.5
-2 0 0
443-G 41
C e n tra l d e n s ity  
0 .198 0.913
Core ra d iu s  
3.5 1.3
443 -G 8 0
C e n tra l d e n s ity  
0.122 0.181
Core ra d iu s  
1.5 1.0
444-G 1
C e n tra l d en s ity  
0.198 0.325
Core ra d iu s  
2.5 1.8
-2 0 0
444 -G 1 4
C e n tra l d en s ity  
0.078 0.080
Core ra d iu s  
2.5 2.4
-2 0 0
444-G 47
200
0
-200
- 1 0  - 5
C e n tra l d e n s ity  200 
0.083 0.079
Core ra d iu s  
2.5 2.6
445-G 15
C e n tra l d e n s ity  
0 .135 0.060
Core ra d iu s  
2.0 3.7
0
- 2 0 0
445-G 19
C e n tra l d en s ity  
0 .198 0.184
Core ra d iu s  
2.0 2.3
400 L I  r  ' ' ■ ' ■ ■ | - i • » | J 1 i
C e n tra l d e n s ity  
0.198 0.391
400 - 1 ' . ■ ■ | • ■ . . , . . j.
200
Core ra d iu s  
3.5 2.0
200
o
.
-2 0 0 - 2 0 0 -
. 1 . . . .  1 . . .  i 1 i i i
- 5  0 5
446-G 1
- 5  0 '  5
200
0
• C e n tra l d en s ity  
0.028 0.020
Core ra d iu s  
5.6 7.8
200
0
•
;
-2 0 0 -2 0 0
- 1 0  0 10 - 1 0  0 10
-200
446-G 53
C e n tra l d e n s ity  
0.119 0.046
Core ra d iu s  
0.5 1.4
-2 0 0
448 -G 5 8
C e n tra l d e n s ity  
0 .195 0.070
Core ra d iu s  
1.5 4.0
447 -G 1 7
C e n tra l d e n s ity  
0 .188 0.044
Core ra d iu s  
2.0 5.9
447-G 21
C e n tra l d e n s ity  
0 .170 0.058
Core ra d iu s  
1.8 4.1
200
1
C e n tra l d e n s ity  
0 .028 0.013
200 I—m. N» A »
0
^ .........  ■
Core ra d iu s  
3.5 7.3 0
\ ............................:
200 - * ^ s  1 -2 0 0 • s  .
i . . . . i . i i . i i i i
- 1 0 - 1 0
448-G 13
C e n tra l d e n s ity  
0 .198 0.537
Core ra d iu s  
3.0 1.6
459-G 8
C e n tra l d en s ity  
0.198 0.035
Core ra d iu s  
1.5 5.9
4 6 -G 8
C e n tra l d e n s ity  
0 .123 0.151
Core ra d iu s  
1.5 1.2
460 -G 2 5
200
- 2 0 0
I ■ • • ■ I ■ ■ ‘ ■ I • ■ '  ' I ■ ■ ■ ■ I
- 1 0  - 5
460-G 29
C e n tra l d e n s ity  
0.175 0.097
Core ra d iu s  
3.5 5.6
460-G 8
C e n tra l d e n s ity  
0.038 0.019
Core ra d iu s  
3.7 6.3
461-G 25
C e n tra l d en s ity  
0.060 0.034
Core ra d iu s  
3.0 4.8
462-G 16
C en tra l d e n s ity  
0.168 0.155
Core ra d iu s  
1.5 1.6
463-G 21
C en tra l d e n s ity  
0.124 0.095
Core ra d iu s  
2.0  2.6
466-G 13
C en tra l d e n s ity  
0.198 0.130
Core ra d iu s  
1.5 2.3
486-G 27
I ■ I
- 2  0 2 4
C e n tra l d e n s ity  
0 .074 0.098
Core ra d iu s  
7.5 3.3
4 6 8-G 28
C e n tra l d e n s ity  
0 .050 0.021
Core ra d iu s  
2.5 5.1
200
0
-2 0 0
- 1 0
466-G 30
C e n tra l d e n s ity  
0 .172 0.493
Core ra d iu s  
1.9 0.8
468-G 5
le n tra l d en s ity  
0 .020 0.030
Core ra d iu s  
10.4 4.4
467-G 11
le n tra l d en s ity  
0.038 0.061
Core ra d iu s  
3.5 2.0
467-G 12
le n tra l d en s ity  
0.198 0.082
Core ra d iu s  
1.4 3.7
467-G 23
C e n tra l d en s ity  
0.147 0.007
Core ra d iu s  
1.0 11.8
467 -G 2 7
C e n tra l d e n s ity  
0.010 0.023
Core ra d iu s  
14.7 6.5
- 5
467 -G 3 6
C e n tra l d e n s ity  
0 .108 0.013
Core ra d iu s  
1.0 9.3
488-G 11
C e n tra l d e n s ity  
0.050 0.020
Core ra d iu s  
2.4  5.6
469-G 22
C e n tra l d en s ity  
0.198 0.114
Core ra d iu s  
1.0 2.2
471-G 2
C e n tra l d en s ity  
0.042 0.003
Core ra d iu s  
2.3 18.0
472-G 10
C e n tra l d e n s ity  
0 .086 0.065
Core ra d iu s  
2.0  2.6
474-G 19
le n tra l d en s ity  
0.038 0.032
Core ra d iu s  
4.0  4.6
478-G 15
C en tra l de n s ity  
0.093 0.062
Core ra d iu s
2.0 2.8
476-G 16
C en tra l de n s ity  
0.157 0.095
Core ra d ius  
2.0 3.0
477-G 18
C en tra l de n s ity  
0.024 0.020
Core ra d ius  
8.0 6.9
200  
0
-2 0 0
- 5 0  5 10
200 
0
-2 0 0
- 1 0  0 10
200 
0
-2 0 0
-1 0  0 10
........ .. r i '  ' 1
479-G 1
C en tra l de ns ity  
0.164 0.030
Core ra d ius  
1.0 4.0
482-G 16
le n tra l de ns ity  
0.198 0.966
Core ra d ius  
2.5 0.6
482-G 2
le n tra l de ns ity  
0.172 0.173
Core ra d ius  
2.0 2.0
481-G 13
C en tra l de ns ity  
0.159 0.163
Core ra d ius  
2 .0  1.8
482-G 35
-2 0 0
-2 0 0
C e n tra l d e n s ity  
0.074 0.067
Core ra d iu s  
2.1 2.2
482-G 41
C en tra l d e n s ity  
0.143 0.058
Core ra d iu s  
1.5 3.3
-200
482-G 43
C en tra l de n s ity  
0.065 0.036
Core ra d ius  
2.5 4.4
-2 0 0
483-G 12
C en tra l de n s ity  
0.188 0.090
Core ra d iu s  
1.5 2.9
- 2 0 0
-2 0 0
-2 0 0
-2 0 0
483-G 2
C en tra l d e n s ity  
0.148 0.037
Core ra d ius  
1.0 2.8
-20 0
484-G 25
C en tra l d e n s ity  
0.198 0.080
Core ra d iu s  
1.0 2.4
....
-2 0 0
485-G 24
C en tra l de n s ity  
0.056 0.021
Core ra d ius  
1.5 4.1
-20 0
485-G 4
0
-5 0 0
C e n tra l de n s ity  
0.118 0.113
Core ra d iu s  
1.9 2.0
200
0
-2 0 0
437-G 19
!e n tra l d e ns ity  
0.129 0.048
Core ra d iu s  
1.0 2.4
488-G 44
C en tra l de ns ity  
0.087 0.073
Core ra d ius  
2.0 2.4
488-G 49
C en tra l dens ity  
0.022 0.026
Core ra d ius  
2.5 2.0
488-G 54
C en tra l dens ity  
0.198 0.382
Core ra d ius  
2.0 1.2
489-G 11
C en tra l de ns ity  
0.093 0.013
Core rad ius  
1.0 5.2
489-G 26
C en tra l dens ity  
0.080 0.019
Core rad ius  
3.3 11.5
-2 0  -1 0  0 10 20
489-G 47
-2 0 0
489-G 6
C en tra l d e n s ity  
0.069 0.058
Core ra d iu s  
2.0 2.4
-2 0 0
490-G 10
C en tra l d e n s ity  
0.032 0.057
Core ra d iu s  
5.0 2.0
- 2 0 0-2 0 0
490-G 14
C en tra l de n s ity  
0.170 0.235
Core ra d iu s  
1.5 1.2
-2 0 0
497-G 2
C en tra l de n s ity  200 
0.197 0.047
Core ra d ius
0.5 1.8 o
-2 0 0
- 2  0 2
400
497 -G 3 2
-2 0 0
49 8 -G 3
C e n tra l d e n s ity  
0.198 0.174
Core ra d iu s  
1.5 1.8
-2 0 0
200
. I . . . . . . . . . . . . . .  1
... -
C e n tra l d e n s ity  
0.142 0.144
Core ra d iu s  
3.0 3.0
200
1 | 1 1 1 ,
7 * ^
0
-  ' V >  \, ________ ^ 0
-2 0 0
W...............................
-200
. i . . . .  I . . . .  i . . . .  i . . . .  i
- 1 0  - 5 0 5 10
499-G 39
- 1 0  - 5  0 " 5  10
200
C e n tra l d e n s ity  
0 .185 0.008 200
0
Core ra d iu s  
1.0 10.6 0 .... . '
.........................
- 2 0 0-2 0 0 -  L
. i . . . .  i . . . .  i . -
- 1 0  0 10
499-G 4
- 1 0  0 10
200 _ • C e n tra l d e n s ity  
0.149 0.012
Core ra d iu s  
1.0 7.2
200 •
0
-
- • 0 ....... .............................................  -
..............
-2 0 0
* ♦ « »  —
-2 0 0
- 1 0  - 5  0 5 10
501-G 1
- 1 0  - 5 0  5 10
200
. 1 . . . . 1 . i •
C e n tra l d e n s ity  
0 .167 0.289
200
Core ra d iu s
0 * v 1.5 1.0 0 \ ____________________ :
-2 0 0
. 1 . . . .  1 . .  i
-2 0 0
. i . . . .  i . . . .  i . ^
- 1 0  - 5
501-G 68
C en tra l de n s ity  
0.142 0.023
Core ra d iu s  
1.5 6.1
501-G 75
Central de n s ity  
0.115 0.008
Core ra d iu s  
1.0 9.9
501-G 88
le n tra l de n s ity  
0.198 0.569
Core ra d iu s  
2.0 1.0
501-C 97
C en tra l de n s ity  
0.038 0.043
Core ra d ius  
6.0 4.5
502-G 12
'e n tra l de n s ity  
0.134 0.087
Core ra d ius  
1.5 2.2
502-G 13
Central d e ns ity  
0.183 0.034
Core ra d ius  
1.0 4.5
- 1 0
-2 0 0
502-G 2
C entra l de n s ity  
0.076 0.023
Core ra d ius  
2.2 6.2
-2 0 0
509-G 35
200  -
- 5  0 5
-200
-2 0 0
-200
-2 0 0
-2 0 0
-2 0 0
C entra l de n s ity  
0.101 0.084
Core ra d ius  
2.1 2.4
509-G 45
C en tra l de n s ity  
0.110 0.073
Core ra d ius  
1.5 2.2
509-G 80
C en tra l d e n s ity  
0.093 0.034
Core ra d ius  
3.0 7.3
51-G 18
C en tra l de n s ity  
0.057 0.047
Core ra d ius  
2.0 2.4
510-G 40
C en tra l d e ns ity  
0.093 0.052
Core ra d ius  
1.5 2.4
511-G 46
C en tra l de n s ity  
0.089 0.059
Core ra d ius  
2.0 2.8
- 5  0 5
-2 0 0
-2 0 0
-4 0 0
-200
-2 0 0
-2 0 0
512-G 12
C en tra l de n s ity  
0.113 0.145 200
Core ra d ius  
3.5 2.8 0
-2 0 0
- 5  0 5 10 15
514-G lO
200
- 2 0 0
C e n tra l d e n s ity  200
0.185 0.154
Core ra d iu s
...
2.0 2.6 0
• • -2 0 0 •  •
500
- 5 0 5
515-G 13 500
- 5  0 5
1 ' 1 '
C e n tra l d e n s ity  
0.007 0.002
1 ' 1 1
Core ra d iu s
0 7.2 39.6 0 ........ . ...
*.....*.
9 am
- 5 0 0 1 -5 0 0 “ 1 . 1
400
- 2 0 3 20
515-G 3 400
- 2 0  0 20
— ’ 1
C en tra l d e n s ity
200 - -  — 0.164 0.049 200 -
0
V " - ..
Core ra d iu s  
2.0 5.6 0
..... ^
^ ..... ■
- 2 0 0 - - 2 0 0 -
, ,
-1 0 - 1 0
-2 0 0
527-G 19
C en tra l d en s ity  
0.020 0.038
Core ra d iu s  
10.3 4.2
-200
200
1 . . . .  1 . . .  1
C en tra l d e n s ity  200
0.197 0.435
1 1 ’ ’ ■ 1
Core ra d iu s
0 1.5 0.9 o
-2 0 0
...
1 . . . .  1 . . .
-2 0 0
•  • -----
1 . . . .  1 1 1 i  1
- 5  0
528-G 34
- 5  0
200
. , . . , , 1 . . . , 1 . .
- •  • C en tra l d e n s ity  2oo0.180 0.048
Core ra d iu s
. 1 . . . .  1 . . . .  1 J 1
0 1.5 4.1 0
W^r..........■
-2 0 0 • -2 0 0 . ^ V r ------:
- 1 0  0 10 - 1 0  0 10
532-G 14
200
- 2 0 0
- 4  - 2  0
Central density  
0.195 0.119
Core radius 
0.5 0.7
200
- 2 0 0  -
- 4
533-G 37
Central density  
0.130 0.179
Core radius 
1.0  0.8
533-G 48
Central density  
0.029 0.030
Core radius 
4.1 4.1
533-G 53
Central density  
0.124 0.036
Core radius 
1.4 4.1
533-G 6
Central density  
0.190 0.006
Core radius 
1.0 13.6
533-G 8
Central density  
0.065 0.040
Core radius 
2.9 4.3
534-G 24
Central density  
0.138 0.083
Core radius 
1.5 2.4
200
-2 0 0
534-G 31
C en tra l de n s ity  
0.192 0.277
Core ra d ius  
1.7 1.3
534-G 9
C en tra l de n s ity  
0.167 0.020
Core ra d iu s  
1.6 6.9
535-G 15
C en tra l d e n s ity  
0.170 0.136
Core ra d ius  
2.5 3.0
536-G 17
C en tra l de n s ity  
0.128 0.027
Core ra d iu s
1.5 5.2
539-G 5
Centred d e n s ity  
0.197 0.055
Core ra d iu s  
1.0 3.1
54-G 21
C entra l de n s ity  
0.198 0.149
Core radiuB 
0.5 0.8
540-G 10
C en tra l d e n s ity  
0.147 0.106
Core ra d iu s  
1.5 2.3
0 5 0 5
541—Gl
2 0 0 -
l  - .......... ■
2 0 0 -
- 1 0
C e n tra l d en s ity
0.014 0.017 200
- " . r J t r '
Core ra d iu s ....... .
11.9 8.2 n
T - . .
\ ..........
-2 0 0
- 1 0
541-G 4
C e n tra l d e n s ity  
0.178 0.023
Core ra d iu s  
1.0 4.9
543- G l 2
C e n tra l d en s ity  
0.033 0.023
Core ra d iu s  
4.7  6.5
544-G 32
C e n tra l d en s ity  
0.027 0.035
Core ra d iu s  
11.4 5.0
545-G 10
C e n tra l d en s ity  
0 .042 0.058
Core ra d iu s  
5.0 2.2
545-G 11
C en tra l d en s ity  
0.188 0.010
Core ra d iu s  
1.0 9.6
545-G 21
C en tra l d en s ity  
0.175 0.020
Core ra d iu s  
1.5 7.1
546- G l  5
200
0
-200
-400
400 C e n tra l d e n s ity
400 “ “
- 200 - -
• . . . .
-
Core ra d iu s  
4.0 2.0 0 -
- -2 0 0 -
................
-4 0 0 -
- 5
546-G 31
C e n tra l d e n s ity  
0.022 0.022 200
Core ra d iu s  
6.9 7.1 0
-2 0 0
-2 0  -1 0
546-G 36
le n tra l d e n s ity  
0.130 0.047
Core ra d iu s  
1.0 2.6
200
” >-----1------ --- ------'-----1---- 1-----'---- ------'
•  •  « •
C en tra l d e n s ity  200
0.117 0.042
. | - ■ ’ ’ 1
0
----- Core ra d iu s
1.0 2.4 g ........ ...
-2 0 0 -2 0 0 . | . , , . 1
- 5  0
547-G 1
- 5  0
200
1 ’ 1 * 1 ' 1 '
C en tra l d e n s ity  200
0.183 0.111
1 ' 1 * I ' 1
%____ _
0
------- Core ra d iu s1.0 1.6 g
-2 0 0 1 . 1 . 1 . 1 . -2 0 0 1 . 1 . 1 • 1
- 2
547-G 14
C en tra l de n s ity  
0.197 0.064
Core ra d iu s  
1.5 3.7
200
0
- 2 0 0
547-G 24
le n tra l d e n s ity  
0.172 0.068
Core ra d iu s  
1.0 2.4
547-G 31
200 C en tra l d e n s ity 200
0.198 0.027
0
Core ra d iu s  
1.0 5.4 0 L  . . . . - • ... i
-2 0 0 - -2 0 0
i i . . i ■ i • • ■ i
..........
- 1 0  - 5 -1 0
547-G 4
Central d e n s ity  
0.098 0.129
Core ra d iu s  
1.5 1.2
548-G 31
C e n tra l de n s ity  
0.030 0.035
Core ra d ius  
8.3 6.1
548-G 32
le n tra l de n s ity  
0.008 0.013
Core ra d iu s  
5.0 3.0
500
' 1 . . i • 1 • • i -
C en tra l de n s ity  
0.198 0.124 500
1 1
0 j : i
Core ra d ius  
3.0 6.3
0
-500 -5 0 0
- 1 0
549-G 18
le n tra l de n s ity  
0.138 0.025
Core ra d ius  
1.0 4.2
-2 0 0
549-G 22
C en tra l de n s ity  
0.054 0.018
Core ra d iu s  
2.0 8.0
-2 0 0
549-G 40
400 J
-2 0 0
-4 0 0
- 1 0  0 10
-2 0 0
55-G 29
C en tra l d e n s ity  
0.182 0.107
Core ra d iu s  
1.5 2.3
-2 0 0
55 -G 4
le n tra l d e n s ity  
0.198 0.371
Core ra d iu s  
2.8 1.2
550-G 7
C en tra l d e n s ity  
0.142 0.137
Core ra d iu s  
1.0 1.0
551-G 13
C en tra l d e n s ity  
0.020 0.023
Core ra d iu s  
7.7 6.2
-1 0
551-G 31
C en tra l d e n s ity  
0.105 0.068
Core ra d iu s  
1.0 1.6
200 C entra l de n s ity 200 -
0.156 0.169
0 2.0 1.8 0 -
— ■
\-
-2 0 0
• * *
-2 0 0 -
^ * 7 *  » " "
- 5  0 5 10 - 5  0 5 10
553-G 20
- 1 0
C en tra l d e n s ity  
0.067 0.039
Core ra d iu s  
3.4  5.4
- 1 0
553-G 3
Central d e n s ity  
0 .199 0 .054
Core ra d iu s  
2.5 1.0
554-G 10
C e n tra l d e n s ity  
0.185 0.073
Core ra d iu s  
2.0 4.2
554-G 19
C en tra l d e n s ity  
0.013 0.017
Core ra d iu s  
14.8 6.3
554-G 24
C en tra l d e n s ity  
0.066 0.078
Core ra d iu s  
3.0 2.4
554-G 34
C en tra l d e n s ity  
0 .014 0.018
Core ra d iu s  
18.3 7.0
555-G 8
!en tra l d e n s ity  
0.138 0.207
Core ra d iu s  
1.5 1.1
556-G 12
200
•  ___
C en tra l d e n s ity  
0.163 0.022
200
Core ra d iu s
0 J 1.0 4.8 0
-2 0 0 -2 0 0
. . . .  1 . . . .  1 . i i i 1 > i i
556-G 23
Central d e n s ity  
0.178 0.181
Core ra d iu s  
2.0 2.2
558-G 5
C en tra l d e n s ity  
0.170 0.019
Core ra d iu s  
1.0 5.6
562-G 14
C en tra l d e n s ity  
0.089 0.040
Core ra d iu s  
2.5 4.6
563-G 11
C en tra l d e n s ity  
0.198 0.370
Core ra d iu s  
3.0 2.0
563-G 17
C en tra l d e n s ity  
0.198 0.113
Core ra d iu s  
2.0 3.5
- 5
563-G 28
C en tra l d e n s ity  
0.014 0.017
Core ra d iu s  
16.0 7.8
564-G 31
200 _ 1 . - - Central density  0.042 0.019 200 _ ■ | -
/ ; , ■ ...... Core radius
0
' _____<:.:J  ' 3.5 7.0 0
-200 • -2 0 0 •
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Central density  
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lentral density 
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2.0 3.2
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Central density 
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Core radius 
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-2 0 0
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. 1 1 ■ '
...
..............
Central density 200
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......
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560-G 9
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Core ra d iu s  
2.0 3.5
568—G19
le n tra l d e n s ity  
0 .168 0 .1 U
Core ra d iu s  
2.0  2.8
569-G 22
C e n tra l d e n s ity  
0.123 0.092 200
Core ra d iu s  
2.5 3.2 0
-2 0 0
- 1 0
570-G 2
le n tra l d e n s ity  
0.198 0.057
Core ra d iu s  
1.0 2.9
571-G 12
len tra l d e n s ity  
0.183 0.036
Core ra d iu s  
1.0 4.3
572-G 18
C e n tra l d en s ity  
0.184 0.367
Core ra d iu s  
1.5 0.8
572-G 22
C en tra l d e n s ity  
0.046 0.082
Core ra d iu s  
4.3 1.8
573-G 12
- 1 0
C en tra l d e n s ity  
0.190 0.014
Core ra d iu s  
1.5 11.5
400
573-G 14
C e n tra l d e n s ity  
0.031 0.052
Core ra d iu s  
8.2 3.3
573—GO
C e n tra l d e n s ity  
0.039 0.038
Core ra d iu s  
3.2 3.3
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C en tra l d en s ity  
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400
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578-G 3
C en tra l d e n s ity  
0.044 0.033
Core ra d iu s  
2.2 2.9
200
576-G 32
C en tra l de n s ity  
0.198 0.426
Core ra d iu s  
1.5 0.8
-2 0 0
576-G 39
C en tra l de n s ity  
0.010 0.016
Core ra d iu s  
8.4 3.9
576-G 48
C en tra l d e n s ity  
0.085 0.092
Core ra d iu s  
3.7 3.3
576-G 51
le n tra l de n s ity  
0.188 0.121
Core ra d iu s  
1.5 2.3
577-G 1
• C en tra l de n s ity  
0.031 0.049
Core ra d iu s  
9.1 5.0
200
•
0
............
0
------------
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-1 0  - 5 0 5
579-G 25
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0
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200
..................
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C entra l d e n s ity  
0.143 0.020
Core ra d iu s  
1.5 7.2
58-G 30
le n tra l d e n s ity  
0.198 1.105
Core ra d iu s  
3.5 0.8
-2 0 0
580-G 37
C en tra l d e n s ity  
0.114 0.008
Core ra d iu s  
1.0 9.2
-2 0 0
580-G 45
le n tra l d e n s ity  
0.071 0.103
Core ra d iu s  
3.0 1.6
-2 0 0
- 5  0 5
-2 0 0
580-G 6
C en tra l d e n s ity  
0.159 0.124
Core ra d iu s  
1.5 1.9
-2 0 0
581-G 10
C entra l de n s ity  
0.039 0.032
Core ra d iu s  
3.5 4.1
-2 0 0
-2 0 0
582-G 1
C entra l de n s ity  
0.150 0.060
Core ra d iu s  
2.0 4.1
-2 0 0
502-G 12
C e n tra l d e n s ity  
0.03+ 0.047
Core ra d iu s  
9.5 4.0
582-G 13
C en tra l d e n s ity  
0.198 0.177
Core ra d iu s  
2.5 2.8
582-G 21
C e n tra l d e n s ity  
0.195 0.043
Core ra d iu s  
1.5 4.9
58 2 -G 4
C en tra l d e n s ity  
0.121 0.078
Core ra d iu s  
1.5 2.3
50 3 -G 2
C e n tra l d e n s ity  
0.198 0.289
Core ra d iu s  
2.5 1.9
583-G 7
C e n tra l d e n s ity  
0.106 0.054
Core ra d iu s  
3.0 5.8
58 4 -G 4
C en tra l d e n s ity  
0.165 0.097
Core ra d iu s  
2.0 3.4
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200
0
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- 1 0  - 5 0  5 10
C en tra l de n s ity  
0.010 0.016
Core ra d iu s  
9.3 4.7
200
0
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59-G 23
le n tra l d e n s ity  
0.150 0.179
Core ra d iu s  
2.0 1.8
595-G 10
)e n tra l d e n s ity  
0.058 0.086
Core ra d ius  
3.0 2.0
598-G 9
le n tra l d e n s ity  
0.020 0.027
Core ra d iu s  
10.0 4.4
60-G 25
Central de n s ity  
0.159 0.337
Core ra d iu s  
1.0 0.4
601-G 19
C entra l de n s ity  
0.127 0.048
Core ra d iu s  
1.5 3.6
601-G 25
C entra l de n s ity  
0.057 0.045
Core ra d iu s  
1.5 1.8
0 5 0 5
0O2-G25
-2 0 0
-2 0 0
-200
-2 0 0
-200
603-G 22
C en tra l d e n s ity  
0.198 0.506
Core ra d iu s  
3.0 1.6
-2 0 0
804-G 1
C en tra l de n s ity  
0.038 0.063
Core ra d iu s  
5.5 2.2
-2 0 0
605-G 7
C en tra l d e n s ity  
0.034 0.065
Core ra d iu s  
0.0 2.2
-200
606—G i l
C en tra l d e n s ity  
0.198 0.035
Core ra d iu s  
1.0 4.0
-2 0 0
61 -G 8
C en tra l d e n s ity  
0.054 0.021
Core ra d iu s  
2.0 5.6
-2 0 0
62 -G 3
200 •
C entra l de n s ity  
0.090 0.014
200 •
0 V Core ra d ius  1.5 8.6 0 ..... ..............
-2 0 0 V
-2 0 0 V
69—G l 1
I ■ ■ ■ i i t
0.160 0.050
Core ra d iu s  
1.5 3.8
7 -G 2
Central d e n s ity  
0.148 0.029
Core ra d iu s  
1.0 4.3
71 -G 14
C en tra l d e n s ity  
0.198 0.522
Core ra d iu s  
2.5 1.4
71 -G 5
C en tra l d e n s ity  
0.163 0.081
Core ra d iu s  
2.5 4.4
72 -G 5
C en tra l de n s ity  
0.099 0.016
Core ra d iu s  
1.0 5.0
73 -G 25
C entra l d e n s ity  
0.060 0.018
Core ra d iu s  
1.5 4.5
74-G 19
C entra l de n s ity  
0.137 0.097
Core ra d iu s  
2.0 2.8
75-G 33
200 - C en tra l d e n s ity  200
0.031 0.052 •
Core ra d iu s '
0 6.5 2 »6 0
1 •  1 ■
200 i i 1 . . . .  1 . . . .  1 . . - 2 0 0
- 5  0 5 - 5  0 5
8 -G 7
Central d e n s ity  
0.031 0.059
Core ra d iu s  
4.1 2.0
80-G 1
len tra l d e n s ity  
0.014 0.020
Core ra d iu s  
8.0 4.8
84-G 10
len tra l d e n s ity  
0.179 0.273
Core ra d iu s  
2.0 1.4
85-G 38
200 C en tra l d e n s ity  200
^arw—* * 0.189 0.094 •
0
Core ra d iu s
1.5 2.6 o
-2 0 0 -2 0 0
- 5  0 5
85-G 81
- 5  0 5
200
1 . . . .  , I f 1 1
C en tra l d e n s ity  200
0.108 0.145
Core ra d iu s
0
-2 0 0
1 . . . .  1 . . .  .
1.5 1.2 q
-2 0 0
1 . . . .  1 . . .  .
- 5  0 5 - 5  0 5
B8-G16
i i i t i
- 1 0  0 10
C en tra l d e n s ity  
0.105 0.04a
Core ra d iu s  
2.4 4.8
BB-G17
C e n tra l d e n s ity  
0.198 0.102
Core ra d iu s  
2.5 4.5
-2 0 0
-2 0 0
-4 0 0
8 8-G 8
le n tra l d e n s ity  
0.181 0.250
Core ra d iu s  
3.0 2.2
9 -G 10
C en tra l d e n s ity  
0.145 0.030
Core ra d iu s  
1.5 5.9
90-G 9
len tra l d e n s ity  
0.017 0.015
Core ra d iu s  
6.3 7.0
11330
C en tra l d e n s ity  
0.166 0.026
Core ra d iu s  
1.5 6.7
11474
len tra l d e n s ity  
0.130 0.073
Core ra d iu s  
1.5 2.4
1302
-200
-200
-2 0 0
15070
C e n tra l d e n s ity  
0.096  0.040
Core ra d iu s  
1.5 2.0
-200
15282
C en tra l d en s ity  
0.130  0.009
Core ra d iu s  
1.0 8.7
-2 0 0
M - 1-2302
200 C en tra l d e n s ity  200 -
— - 0.077 0.139
Core ra d ius y V  '_ 3.5 1.6 o ---------
'---
-2 0 0 - -2 0 0
- 5  0 5 - 5  0 5
U —1—2321
Centred d e n s ity  
0.188 0.010
Core ra d iu s  
1.0 10.8
M - 2 - 2 - 4 0
le n tra l d e n s ity  
0.193 0.048
Core ra d iu s  
1.0 3.4
M - 2 -2 - 5 1
le n tra l de n s ity  
0.109 0.073
Core ra d ius  
2.0 2.8
M - 2 - 7 - 1 0
le n tra l de n s ity  
0.079 0.043
Core ra d iu s  
1.0 1.8
M - 2 - 7 - 3 3
C entra l de n s ity  
0.019 0.021
Core ra d ius  
7.6 6.4
M—213019
C entra l de n s ity  
0.090 0.052
Core ra d ius  
2.5 4.0
- 1 0 0 -1 0 0
U - 222023
C en tra l de n s ity  
0.063 0.101 200
Core ra d ius  
8.8 3.8
400
- 5  0 5
U —222025
- 5  0 5
200 C en tra l d e n s ity  200 - m r •  -
Core ra d ius
........................... .. 0.5 5.0 o ............. .............. \
V.................... • .... , •
-2 0 0 -2 0 0
•  i  •  *
- 1 - 1
-200
M—3 —1304
C entra l de n s ity  
0.172 0.111
Core ra d ius  
0.7 1.3
-200
-2 0 0
-1 0  0 10
-2 0 0
U—3—1623
C en tra l d e ns ity  
0.066 0.020
Core ra d ius  
2.8 6.0
M—338025
C en tra l d e ns ity  
0.117 0.083
Core ra d ius  
2.0 2.8
-2 0 0
-2 0 0
-2 0 0
N1090
C entra l de n s ity  
0.174 0.178
Core ra d ius  
2.0 2.0
-2 0 0
N1114
200
-200
C e n tra l d e n s ity
0.148 0.016
Core ra d iu s  
1.4 8.2 0 -
. i . . . .  i
_
•  V»
-2 0 0 •  V«
- 1 0 - 1 0
N1241
C e n tra l d e n s ity  
0.029 0.037
Core ra d iu s  
12.1 7.1
N1417
C e n tra l d e n s ity  
0.105 0.027
Core ra d iu s  
2.0 6.6
N151 400
C en tra l d en s ity
O. . - j | ■
0.144- 0.010 200
Core ra d iu s ' ..............”
1.5 12.0 o
■ ....................... . .... :
- 2 0 0
Ji
\ I :
- 4 0 0
- 1 0
N1820
C en tra l d e n s ity  
0.042 0.009
Core ra d iu s  
2.5 12.5
N1752
C en tra l d e n s ity  
0.198 0.151
Core ra d iu s  
2.0 2.6
N1B32
C en tra l d en s ity  
0.135 0.033
Core ra d iu s  
1.5 5.1
N2584
Central d en sity  
0.119  0.062
Core radius 
2.0  3.7
N2721
Central density  
0 .074  0.028
Core radius 
3.0  6.2
N2722
Central density  
0.042 0.066
Core radius 
5.7 3.0
N2763
Central density  
0.050 0.058
Core radius 
3.7 3.1
N280
Central density  
0.189 0.017
Core radius 
2.8 10.4
200
Central density  
0.189 0.008 200
0 .X . 1.1 13.1 0 - ...............f ......... ;
- 2 0 0 -2 0 0
-4 0 0 -4 0 0
- 1 0 0 10
N3029
- 1 0  0 10
200 Central d en sity  
0.166 0.062
200
1 | 1 1 1 1 .
Core radius r _____
0
..... ...............
1.5 3.2 0
-200
. i . . . .  i . . . .  i .
-2 0 0
i . . . .  i . . . .  i
- 1 0 - 1 0
N3145
400
• C entra l de n s ity  
0.175 0.021
400 -
•
200
"__' 4^
200
0 ......1.........  ^ 1.5 9.8 0 ........... ...............:
-2 0 0 -2 0 0
-4 0 0 -. . , -4 0 0 . , .
- 1 0  - 5 -1 0  - 5
N3321
le n tra l de n s ity  
0.071 0.094
Core ra d ius  
3.2 2.4
N3361
C en tra l de n s ity  
0.136 0.037
Core ra d ius  
1.0 3.1
N3456
C entra l de n s ity  
0.143 0.076
Core ra d ius  
1.5 2.7
N3715
C entra l de n s ity  
0.198 0.453
Core ra d ius  
2.5 1.4
N697
C entra l de n s ity  
0.193 0.008
Core ra d ius  
1.0 10.8
N701
le n tra l de n s ity  
0.112 0.119
Core ra d ius  
2.0 1.8
-2 0 0
-200
-200
-2 0 0
-2 0 0
-4 0 0
-2 0 0
N7300
C en tra l d e n s ity  
0.144 0.050
Core ra d iu s  
2.0 4.7
-2 0 0
N7538
C en tra l d e n s ity  
0.098 0.069
Core ra d iu s  
2.5 3.4
-200
N755
C en tra l d e n s ity  
0.064 0.075
Core ra d iu s  
3.0 2.5
- 2 0 0
N7568
C en tra l d e n s ity  
0.081 0.041
Core ra d iu s  
3.6 6.8
-2 0 0
N7591
C en tra l d e n s ity  
0.194 0.018
Core ra d iu s  
1.5 8.9
N7593
C en tra l d e n s ity  
0.144 0.129
Core ra d iu s  
1.5 1.7
-2 0 0
-4 0 0
-2 0 0
- 5
N76O0
C entra l d e n s ity  
0.176 0.011
Core ra d iu s  
1.2 12.2
N7631
C entra l d e n s ity  
0.148 0.077
Core ra d ius  
2.0 3.4
N7677
C entra l d e n s ity  
0.198 0.360
Core ra d iu s  
2.0 1.6
U12565
C entra l d e n s ity  
0.149 0.086
Core ra d iu s  
2.0 3.3
U12571
le n tra l de n s ity  
0.197 0.013
Core ra d iu s  
1.0 7.6
U14
C entra l d e n s ity  
0.181 0.056
Core ra d iu s  
1.5 4.0
U2079
C entra l d e n s ity  
0.127 0.038
Core ra d iu s  
1.5 3.6
U210
200 C en tra l d en s ity  
0.048 0.052
200
^ » r t
0
Core ra d iu s  
3.3 2.7 0
200 -2 0 0
- 5  0 5 - 5  0 5
